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4.1 INTRODUCTION

Metal compression or flexural members (Fig. 4.1, excepting Fig. 4.1a) typically employ cross-
sectional shapes which may be idealized as a composition of elements, or flat plates. When a
plate element is subjected to direct compression, bending, shear, or a combination of these
stresses in its plane, the plate may buckle locally before the member as a whole becomes
unstable or before the yield stress of the material is reached. Such local buckling behavior is
characterized by distortion of the cross-section of the member. Contrary to the notion of buckling
being a sudden or discontinuous phenomena, the almost inevitable presence of initial out-of-
planeness (imperfections) results in a gradual growth of this cross-sectional distortion with no
sudden discontinuity in real behavior at the theoretical critical load.
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The theoretical, or elastic critical local bucking load is not on its own a satisfactory basis
for design. Ultimate strength of plates may be less than the critical local buckling load due to
yielding, or may be in excess of the critical local buckling load due to beneficial post-buckling
reserve. For example, a slender plate loaded in uniaxial compression, with both longitudinal
edges supported, will undergo stress redistribution as well as develop transverse tensile
membrane stresses after buckling that provide post-buckling reserve. Thus, additional load may
often be applied without structural damage. Initial imperfections in such a plate may cause
deformations to begin below the buckling load, yet unlike an initially imperfect column, the plate
may sustain loads greater than the theoretical buckling load. Despite its limitations the critical



local buckling load typically forms the basis for an initial evaluation of plates and is the focus of
the first section of this Chapter.

After considering elastic local bucking of flat plates in Section 4.2, the inelastic buckling,
post-buckling, and ultimate strength of flat plates is discussed in Section 4.3. Particular attention
is paid to the effective width method, which is an approximate method for ultimate strength
determination which is still in wide use in design today. Flat plates are often augmented with
stiffeners, both longitudinally and transversally, these stiffeners improve and complicate the
response as detailed in Section 4.4. One common approximation for stiffened plates is to treat the
stiffened plate as a flat plate with orthotropic properties, this approximation is detailed in Section
4.5. Finally, in Section 4.6, the concluding section of this chapter, the interaction of plate
elements which make up cross-sections such as those of Fig. 4.1 are discussed along with the
three modes of cross-section instability: local, distortional, and global bucking inherent to most
thin-walled members. Significant additional material related to the topics examined in this
chapter are provided in Chapters 6, 7 and 13 of this Guide.



4.2 ELASTIC LOCAL BUCKLING OF FLAT PLATES

An examination of the buckling behavior of a single plate supported along its edges is an
essential preliminary step toward the understanding of local buckling behavior of plate
assemblies. The buckling stresses are obtained from the concept of bifurcation of an initially
perfect structure. In practice, the response of the structure is continuous, due to the inevitable
presence of initial imperfections. Thus the critical stress is best viewed as a useful index to the
behavior, as slender plates can continue to carry additional loads well after initial buckling. Post-
buckling and strength of plates is discussed in Section 4.3.

When the member cross section is composed of various connected elements (see Fig. 4.1)
a lower bound of the critical stress can be determined by assuming, for each plate element, a
simple support condition for each edge attached to another plate element or a free condition for
any edge not so attached. The smallest value of the critical stress found for any of the elements is
a lower bound of the critical stress for the cross section. This lower bound approximation may be
excessively conservative for many practical design situations, more thorough methods are
discussed in Section 4.3.8.

4.2.1 Uniform Compression
Long Rectangular Plates. In 1891, Bryan (1891) presented the analysis of the elastic critical
stress for a rectangular plate simply supported along all edges and subjected to a uniform
longitudinal compressive stress. The elastic critical stress of a long plate segment is determined
by the plate width-to-thickness ratio b/t, by the restraint conditions along the longitudinal
boundaries, and by the elastic material properties (elastic modulus, E, and Poisson’s ratio v). The
elastic critical stress, o, is expressed as
2
o=k— "5 (4.1)
12(0-v7)(b /1)

in which £ is a plate buckling coefficient determined by a theoretical critical-load analysis; & is a
function of plate geometry and boundary conditions such as those shown in Fig. 4.2.
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Fig. 4.2 Local plate buckling coefficient, k of Eq. 4.1, for plates in compression
with varied boundary conditions

Short Plates. When a plate element is relatively short in the direction of the compressive stress
their may exist an influence in the elastic buckling stress due to the fact that the buckled half-
waves which take integer values are forced into a finite length plate. Fig. 4.3 demonstrates how &
varies as a function of normalized plate length; the variation is a function of the plate boundary
conditions and the loading. Full analytical solutions for & as a function of a/b and m may be
found in Timoshenko and Gere (1961), Allen and Bulson (1980) and others. When a plate
element is very short in the direction of the compressive stress (i.e. a/b « 1), the critical stress
may be conservatively estimated by assuming that a unit width of plate behaves like a column.
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Fig. 4.3 Plate buckling coefficient, k, as a function of normalized plate length (B=a/b) for different boundary
conditions, m=number of buckled half-waves along the length of the plate (after Yu and Schafer (2007))

4.2.2 Compression and Bending

When compression plus bending loads are applied to a structural member, plate elements of the
member can be subjected to in-plane stresses which vary along the loaded edges of the plate,
from a maximum compressive stress, gj, to a minimum stress, o>, as shown in Fig. 4.4. For this
situation, elastic critical plate stresses are dependent on the edge-support conditions and the ratio
of bending stress to uniform compression stress. Long plate values of 4. that can be substituted
for k in Eq. 4.1 are tabulated in Fig. 4.4 for several cases. For plates with a free edge the £,
values vary slightly with Poisson’s ratio.



Ratio of Minimum Buckling Coefficient, *k,
Bending Stress

to Uniform Untoaded Top Edge Free Bottom Edge Free
Compresion Edges Bottom Edge Bottom Top Edge
Stress Simply Unloaded Simply Edge Simply Top Edge
Loading 00, Supported  Edges Fixed  Supported Fixed  Supported Fixed
D
ay g1
bI o2 == 01 < = 239 39.6 0.85 2.16
a2 gy (pure bending)
op==2/30, 5.00 15.7
\§Gz=—l/3mg/ 2.00 11.0
g3=0 1.00 7.8 136 0.57 1.61 1.70 5.93
\é o2 =1/30) gp/ 0.50 58
g1 = ‘__01
3 oe=o01 [ 0.0 40 6.97 0.42 1.33 0.42 133
a9 = = 2(pure compression)

*Values given are based on plates having loaded edges simply supported
and are conservative for plates having loaded edges fixed.

Fig. 4.4 Plate buckling coefficients for long plates under compression and bending
(Brockenbrough and Johnston, 1974; Bijlaard, 1957).

Beyond the £ values provided in Fig. 4.4 closed-form expressions also exist for the compression

and bending case. For plates simply supported on all four sides £ may be found based on the
work of Pekoz (1987) to be:

k,=4+2(1-y) +2(1-y) (4.2)
where v = o;/0;. For plates with one longitudinal edge free Bambach and Rasmusen (2004a)
provide a series of solutions summarized in Fig. 4.5. These closed-form expressions for k are
employed in the AISI (2007) Specification. Diagrams for buckling coefficients for rectangular

plates under combined bending and compressive stresses in two perpendicular directions are
given by Yoshizuka and Naruoka (1971).
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Fig. 4.5 Plate buckling coefficients for unstiffened elements in compression and bending,
after (Bambach and Rasmussen 2004a)

4.2.3 Shear

When a plate is subjected to edge shear stresses as shown in Fig. 4.6, it is said to be in a state of
pure shear. The critical shear buckling stress can be obtained by substituting 1. and k;, for o, and
k in Eq. 4.1, in which k; is the buckling coefficient for shear buckling stress. Critical stress
coefficients, k;, for plates subjected to pure shear have been evaluated for three conditions of
edge support. In Fig. 4.9 these are plotted with the side b, as used in Eq. 4.1, always assumed to
be shorter than side a. Thus « is always greater than 1 and by plotting ks in terms of 1/a, the
complete range of k; can be shown and the magnitude of k; remains manageable for small values
of a. However, for application to plate-girder design it is convenient to define b (or 4 in plate-
girder applications) as the vertical dimension of the plate-girder web for a horizontal girder.
Then a may be greater or less than unity and empirical formulas for 4, together with source data
are as follows:

Plate Simply Supported on Four Edges. Solutions developed by Timoshenko (1910), Bergmann
and Reissner (1932), and Seydel (1933) are approximated by Eqs. 4.3a and 4.3b, in which o =
a/b:

4.3a
4.00 + 5'324 fora <1 ( )

k = @
s 4.3b
5.34 + 4.00 for a >1 ( )
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Fig. 4.6 Plate buckling coefficients for plates in pure shear. (Side b is the short side.)

Plate Clamped on Four Edges. In 1924, Southwell and Skan obtained k; = 8.98 for the case of
the infinitely long rectangular plate with clamped edges. For the finite-length rectangular plate
with clamped edges, Moheit (1939) obtained

4.4a
5.6+ 8'928 fora<1 ( )

k = @
s 4.4b
8.98+¥ for o >1 ( )

a

Plate Clamped on Two Opposite Edges and Simply Supported on the Other Two Edges. A
solution for this problem has been given by Iguchi (1938) for the general case, and by Leggett
(1941) for the case of the square plate. Cook and Rockey (1963) later obtained solutions
considering the antisymmetric buckling mode which was not considered by Iguchi. The
expressions below were obtained by fitting a polynomial equation to the Cook and Rockey
results as shown in Fig. 2.36 of the book by Bulson (1970).

For long edges clamped,



4.5a
8'928 +5.61-1.99a fora<l ( )

k=1%
s 4.5b
8.98+5'621—1'939 for a >1 ( )
a a
and for short edges clamped,
4.6a
5'324+g—3.44+8.39a fora <1 ( )
K=l a
s 4.6b
5.34+2'31—3'424+8'339 for a >1 ( )
a a a

Curves for a > 1 are plotted in Fig. 4.6. Tension and compression stresses exist in the plate, equal
in magnitude to the shear stress and inclined at 45°. The destabilizing influence of compressive
stresses is resisted by tensile stresses in the perpendicular direction, often referred to as ‘tension
field action’ in the literature. Unlike the case of edge compression, the buckling mode is
composed of a combination of several waveforms and this is part of the difficulty in the buckling
analysis for shear.

4.2.4 Shear and Compression
The case of shear combined with longitudinal compression, with all sides simply supported, was
treated by Iguchi (1938). His results are approximated by the following interaction equation, also

shown graphically in Fig. 4.7:
2
% +(T—5;J -1 4.7)

where o, and 7, denote critical stress, respectively, under compression or shear alone.
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Fig. 4.7 Interaction curve for buckling of flat plates under shear and uniform compression.

Equation 4.7, shown in Fig. 4.7, is for ratios of a/b greater than unity. Batdorf and
associates (Batdorf and Houbolt, 1946; Batdorf and Stein, 1947) have shown that when the
loaded side b is more than twice as long as a, Eq. 4.29 becomes overly conservative. This
situation is the exception in actual practice, and Eq. 4.7 may be accepted for engineering design
purposes.

4.2.5 Shear and Bending

For a plate simply supported on four sides, under combined bending and pure shear, Timoshenko
(1934) obtained a reduced k. as a function of 1./ z': for values of & = 0.5, 0.8, and 1.0, where 1. is

the actual shearing stress and 7, is the buckling stress for pure shear. This problem was also

solved by Stein (1936) and Way (1936), whose results for four values of a are plotted in Fig. 4.8.
Chwalla (1936a) suggested the following approximate interaction formula, which agrees well

with the graphs of Fig. 4.8.
2 2
(&J +(T—ij ~1 (4.8)
O-cb Tc

For a plate simply supported on four sides, under combined bending and direct stress at
the ends (of dimension b), combined with shear, an approximate evaluation of the critical
combined load is obtained by use of a three-part interaction formula, Eq. 4.9 (Gerard and Becker,
1957/1958).



2 2
ii+{o-i”] +[T§] =1 4.9)
O-c o-cb Tc

The foregoing problem, with the further addition of vertical compressive force along the
top and bottom edges of length a, has been treated by McKenzie (1964) with results given in the
form of interaction graphs. The results are in good agreement with the special case of Eq. 4.9.
Interaction equation 4.9, valid when a/b is greater than unity, is shown graphically in Fig. 4.9, as
presented in Brockenbrough and Johnston (1974).
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Fig. 4.8 Buckling coefficients for plates in combined bending and shear.
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Fig. 4.9 Interaction curve for buckling of flat plates under shear, compression, and bending.

4.2.6 Biaxially Compressed

Pavlovic and Baker (1989) presented an exact solution for the stability of a rectangular plate
under biaxial compression. The case when both longitudinal and transverse stresses were
uniform was used as a starting point to investigate the much more complex problem of partial
loading on two opposite edges. A parametric study was carried out covering different plate
geometrics, load ratios, and varying edge lengths over which the applied load acted. The limiting
cases of very long and very wide plates were considered in the study, as was the problem in
which two opposite edges were subjected to concentrated forces.

4.2.7 Longitudinally varying Compression

When members such as those of Fig. 4.1 are used as beams they are typically exposed to a
moment gradient. Under a moment gradient, the plate which compromises the compression
flange is subject to a longitudinal variation in the compression force, as shown in Fig. 4.10.
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Fig. 4.10 Simply supported plate subject to a longitudinal stress gradient
(note shear stresses are required for equilibrium, after (Yu and Schafer 2007))

This case was first treated by Libove, Ferdman et al. (1949), recently Yu and Schafer (2007)
provided a closed-form expression for £:

=k, + ar+a,

a;r+a,+p"

where, k. is the traditional plate buckling coefficient (i.e., k£ for pure compression as the plate
length tends to infinity), 7 is the stress gradient (Gmin/Omax), [ 1S the plate aspect ratio (a/b), and
oy through os are empirical coefficients dependent on the plate boundary conditions along the
unloaded longitudinal edges. Table 4.1 summarizes those coefficients.

(4.10)

Table 4.1 Coefficients for plate buckling under longitudinal stress gradients

k. a o o ay Qs
SS-SS 4.000 -1.70 1.70 0.20 -0.20 0.75
fix-fix 6.970 -2.20 2.20 0.20 -0.20 0.65
ss-free 0.425 -0.80 1.00 0.00 -0.60 0.95
fix-free 1.277 -0.60 0.60 0.00 -0.65 0.60

Note: applicable for 1 < <30 and -1 <r <1, ss = simply supported

4.2.8 Plates on one-way foundations

Often, one way considered to constrain local buckling in metal plates is to have the thin plate
adjacent to a foundation of some sort, for example thin steel plate may be adjacent to a concrete
beam, or the bottom flange of a beam may rest against a floor, foundation, or the ground. If the
foundation is two-way (i.e. works in tension and compression) then the buckling load essentially
follows the foundation stiffness, and traditional methods such as those of Timoshenko and Gere
(1961) may readily be used, the energy from the foundation simply needs to be included in the
formulation. The more common case is a foundation that is only engaged when the thin plate
buckles into the foundation, this is known as a tensionless or one-way foundation. The elastic
critical local buckling load for this case has seen some study, in particular the work of Smith,
Bradford et al. (1999) provide plate buckling coefficients, k, for one-way foundations in
compression, bending, shear, and combinations thereof. An important practical finding that may
be gleaned from Shahwan and Waas (1998) is that the increase in the elastic critical local
buckling load, even for a rigid one-way foundation is limited. For instance, in uniform
compression the increase in & due to a rigid one-way foundation is only to 5.33 (from 4.0). Thus
suggesting that one-way foundations only provide a limited relief from local buckling.



4.2.9 Singly curved plates

It is not uncommon that one of the members of Fig. 4.1 may be curved either in plan or profile.
In such a case the plates making up the cross-section are singly curved. Featherston and Ruiz
(1998) provide a summary of the fundamental work in this area as well as additional testing to
verify the available plate buckling coefficients. A common application for this situation is the
horizontally curved steel I-girder treated in Chapter 9 of this Guide. Recent work on elastic
buckling of plates in I-girders (Davidson et al. 1999) is detailed in Chapter 9.

4.2.10 Square Plate with a Central Hole

Designers frequently find it necessary to introduce openings in the webs of girders and other
large plate structures. The introduction of an opening changes the stress distribution within the
member and will, in many instances, also change the mode of failure. Buckling is a key aspect in
the behavior of thin perforated plates. This section covers the case of a square plate with a single
hole, while the following section covers the case of a rectangular plate with multiple holes.

Compression: Though limited in many respects the first problem to see significant study in this
area was that of a square plate with a central hole and either simply supported or clamped-edge
conditions, research includes: Levy et al. (1947), Kumai (1952), Schlack (1964), Kawai and
Ohtsubo (1968), and Fujita et al. (1970). The work indicates reductions in the plate buckling
coefficient of 25% from the unperforated k£ for holes on the order of 50% of the width of the
square plate. Square holes are shown to result in greater reductions than round holes of the same
diameter (Yang, 1969). Uniform stress loading is shown to be more critical than uniform
displacement loading on the member edges. Also, it has been demonstrated that by suitably
reinforcing the hole, it is possible to increase the critical stress beyond that of the unperforated
plate (Levy et al., 1947).

Shear: The buckling of a square plate with a central circular cutout has been examined by
Rockey et al. (1969) using the finite element method. The relationship between the buckling
stress of the plate and the relative size of the hole (d/b) was obtained for both simply supported
and clamped-edge conditions. Rockey’s work suggests a simple linear relationship between the
critical stress and the d/b ratio in the form

o [1-2
7, =7, (1 bj (4.11)

where 1., and 1. are the critical stresses for the perforated plate and unperforated plate,
respectively. The relationship holds for both clamped and simply supported end conditions (Fig.
4.11). Shear buckling of square perforated plates was also investigated by Grosskurth et al.
(1976) using the finite element approach. They considered the case of uniform shear deformation
instead of uniform shear stress and obtained critical stresses that were in closer agreement with,
although higher than, the experimental values.

The behavior of plates with cutouts reinforced by a ring formed by a pressing process
was also studied by Rockey, both analytically and experimentally (Rockey, 1980). It was found
that the buckling stress increases with #,/¢, the ratio of the depth of the lip to the plate thickness,
and the larger the hole, the greater must be the ¢,/¢ ratio to achieve a buckling strength equal to
that of the unperforated plate.
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Fig. 4.11 Simply supported and clamped plates with hole under shear loading (Rockey et al., 1969).

Combined loads: Elastic buckling of square plates with holes under combined loads:
compression, bending, and shear are considered by Brown and Yettram (1986).

4.2.11 Rectangular Plate with Multiple Holes

Compression: Recent research on elastic buckling of rectangular plates with holes under
compression loading provide a more nuanced picture than the early results on square plates
detailed in the previous section. In a square plate with a hole the buckling mode shape is
constricted to the width of the plate, in rectangular plates longer buckling mode shapes are
possible and likely. Research employing thin shell finite element analysis shows that the
presence of holes can either increase or decrease the critical elastic buckling stress as well as
change the length and quantity of the buckled half-waves, depending upon the quantity of hole
material removed relative to the size of the plate, as well as the hole spacing (May and Ganaba
1988, Brown 1990, Brown and Yettram 2000; El-Sawy and Nazmy 2001; Moen and Schafer
2006).

However, the research on square plates with holes, in particular Kawai and Ohtsubo
(1968), did lead to a useful approximation of elastic buckling stress for rectangular plates with
holes, based on assuming the strips adjacent to the hole act as unstiffened elements (i.e., plates
with one free edge) in compression (see Fig. 4.12). For a plate in uniform compression the
“unstiffened strip” buckling stress uses Eq. 4.1 with /4 or hp replacing b and k=0.425 per Fig.
4.2. case 4.
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Fig. 4.12 lllustration of unstiffened strips adjacent to a hole

The unstiffened strip approximation is useful, but one must also consider the possibility
of buckling away from the hole. In addition the length of the hole, as well as its width, can
influence the results. Moen and Schafer (2008) provide expressions for the plate buckling
coefficient, k, that account for these effects. Further, their work also covers the case of a
rectangular plate with holes in which one longitudinal edge is supported and the other free.

Bending: The problem of a rectangular plate with holes in bending has seen little attention, in
part due to the fact that shear is often more critical in this situation. Moen and Schafer (2008)
provide plate buckling coefficients for stiffened and unstiffened elements under bending with
holes present along the length of the plate.

Shear: The problem of a long shear web with holes has been examined by Michael (1960); he
suggested semiempirical expressions for the critical stress in terms of d/a and a/b (notation
indicated in Fig. 4.16). These are plotted graphically in Fig. 4.16 and are applicable for the web
fixed along the top and bottom edges.



Fig. 4.13 Critical shear stress for webs with holes (Michael, 1960).

Combined loading: Redwood and Uenoya (1979) have investigated the problem of webs with
holes subjected to combined bending and shear. They studied the problem of shear webs with
aspect ratios from 1.5 to 2.5 with circular or rectangular holes. They suggested a classic circular
interaction formula for 1. and o, (critical values of the maximum shear and bending stresses,

respectively) in the form:
2 2
L | 4| Ze| =10 (4.12)
z.cp O-cbp

in which 7., and o, are the pure shear and pure bending critical stresses of the plate with the
hole. These, in turn, can be expressed in terms of the corresponding critical stresses of plates

without holes (z.,o,) and the relative sizes of the holes with respect to the plate dimensions.

With the notation indicated in Fig. 4.17, the expressions for plates with rectangular holes take the
form

O = [1 02-0.04 (%ﬂ o, but<o, (4.13a)
7, = 1.24—1.16(2—HJ—0.17(1J  but<t (4.13b)
h H
and for circular holes,
Octp = Oy (4.14a)
7, = {1.15—1.05(%)} . but <7, (4.14b)

where R is the radius of the hole.
The values of o, and 7. can be obtained from a knowledge of the aspect ratio and

boundary conditions of the plate. For example, for a simply supported plate with an aspect ratio
of 2, these stresses are given with sufficient accuracy by the following expressions
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Fig. 4.14 Perforated rectangular plate under combined action of shear and bending.



4.3 INELASTIC BUCKLING, POST-BUCKLING, AND STRENGTH OF
FLAT PLATES

The elastic critical plate buckling stresses, or corresponding plate buckling coefficients (£’s),
provided in the previous section represent an important benchmark for understanding the
behavior of thin plates. However, such elastic critical buckling stresses do not directly indicate
the actual behavior that may occur in such a thin plate. In thin plates loaded to failure material
and geometric effects complicate the response.

It is common, though artificial, to use the elastic critical buckling stress as a benchmark
for delineating different forms of plate buckling: if material yielding occurs prior to the elastic
critical buckling stress this is known as inelastic buckling; strength at magnitudes greater than
the elastic critical buckling stress, and the associated deformations that occur under such loading,
are referred to as post-buckling and may be either elastic or inelastic. Finally, ultimate strength
refers to the maximum load the plate may carry, typically independent of deformation, which
may indeed be quite large.

Actual plate response under load is more complicated than the simple notions of inelastic
buckling and post-buckling, this is due in part to unavoidable imperfections. In an imperfect
plate out-of-plane deformations begin immediately upon loading, such deformations lead to
second order (geometrically nonlinear) forces (and strains) that must be accounted for throughout
the loading/deformation, and thus the notions of buckling and post-buckling are not definitively
distinct. Under load the stress field response of a thin plate is complicated and varies along the
length, across the width, and through the thickness of the plate. Residual stresses that may exist
in the plate further complicate the response. A plate with an applied stress well below the elastic
critical plate buckling stress may still have portions of the plate yielding; thus determining a
definitive regime where a plate enters inelastic buckling is difficult. For gradual yielding metals
(e.g., aluminum, stainless steel) the distinction between elastic and inelastic buckling becomes
even more difficult.

Currently, inelastic buckling, post-buckling, and the strength of thin plates (and plate
assemblages such as Fig. 4.1) are most robustly examined through the use of numerical methods
such as finite element analysis. Finite element models for stability critical structures are
discussed further in Chapter 21, but key considerations for plates include: the manner in which
shear in the plate is handled (namely Kirchoff vs. Mindlin plate theory), the material stress-strain
relation including residual stresses and strains, the yield criterion (von Mises is by far the most
common in metals), the hardening law (isotropic hardening is the most common for static
loading, but is inadequate if large strain reversals are present), magnitude and distribution of
geometric imperfections, inclusion of higher-order strain terms in the development of the plate
stiffness, enforcement of equilibrium on the deformed geometry, details of the boundary
conditions, and for finite elements the order of the elements and the discretization of the plate
both in terms of element density and element aspect ratio. Finite element analysis is not the only
method able to provide post-buckling and collapse analysis of plates, finite strip (Bradford and
Azhari 1995; Kwon and Hancock 1991; Lau and Hancock 1986; Lau and Hancock 1989), and
recently generalized beam theory (Goncalves and Camotim 2007; Silvestre and Camotim 2002)
have proven to be able to provide reliable solutions.

For typical design, fully nonlinear numerical collapse analysis of thin plates remains too
involved of a task; in this situation one turns to classical and semi-empirical approaches. These
design approximations are the focus of this section. In particular, the effective width method, has



wide use as an approximate technique for determining ultimate strength of plates that accounts
for inelastic buckling and post-buckling and is discussed in detail.

4.3.1 Inelastic buckling

The notion of “inelastic buckling” is an attempt to extend the elastic critical buckling
approximations of Section 4.2 to situations where material yielding has already occurred. Bleich
(1952) generalized the expression for the critical stress of a flat plate under uniform compressive
stress in either the elastic or inelastic range in the following manner:

2

=k ”b;\/; . (4.16)
12(0=v")(b/1)

in which # = E/E. This modification of Eq. 4.1 to adapt it to a stress higher than the proportional

limit is a conservative approximation to the solution of a complex problem that involves a

continuous updating of the constitutive relations depending on the axial stress carried (Stowell,

1948; Bijlaard, 1949, 1950).

In combined loading the work of Stowell (1949) and Peters (1954) suggest that the
inelastic buckling interaction is not the same as the elastic buckling interaction. Under combined
compressive and shear stress for loads applied in constant ratio Peters found that a circular
stress-ratio interaction formula as expressed by Eq. 4.17 was conservative and agreed better with
test results than Eq. 4.7 which was provided for elastic buckling interaction.

2 2
(GS‘J +(T—g) -1 (4.17)
o, T.
4.3.2 Post-buckling

Post-buckling of plates may readily be understood through an analogy to a simple grillage
model, as shown in Fig. 4.15. In the grillage model the continuous plate is replaced by vertical
columns and horizontal ties. Under edge loading the vertical columns will buckle, if they were
not connected to the ties they would buckle at the same load and no post-buckling reserve would
exist. However, the ties are stretched as the columns buckle outward, thus restraining the motion
and providing post-buckling reserve.

In an actual plate the tension in the transverse ties is represented by membrane tension
and shear. Note also that the columns nearer to the supported edge are restrained by the ties more
than those in the middle. This too occurs in a real plate, as more of the longitudinal membrane
compression is carried near the edges of the plate than in the center. Thus, the grillage model
provides a working analogy for both the source of the post-buckling reserve and its most
important result, re-distribution of longitudinal membrane stresses.




Fig. 4.15 Simple model for post-buckling of a flat plate in uniform compression (after AIS1 2007)

Elastic post-buckling stiffness may be measured in terms of the apparent modulus of
elasticity E" (the ratio of the average stress carried by the plate to average strain) (see Fig. 4.16).
The values of £ for long plates (a»b) for some typical longitudinal edge conditions are given by
Allen and Bulson (1980). The values given below are sufficiently accurate up to twice the critical

stress.
Simply supported longitudinal edges.
Sides straight but free to move laterally:
E*=05E
Sides free to move:
E*=0.408F

Clamped longitudinal edges.
Sides straight but free to move laterally:
E*=0497E

One longitudinal edge simply supported, the other free
E*=0.444E

(4.18a)

(4.18b)

(4.18¢)

(4.18d)
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Fig. 4.16 Post-buckling stiffness of plates having simply supported edges (Allen and Bulson, 1980)

Another means for accounting for the loss in stiffness in the post-buckling regime is to
assume a correlation between the strength loss of the plate and the stiffness loss. The effective
width of the plate (as defined in the following section) is used in place of the actual width for
determining cross-section moment of inertia. This method is employed in the cold-formed steel
specification (AISI 2007) and discussed further in Chapter 13.

Nemeth and Michael (1990) presented an experimental study of the buckling and post-
buckling behavior of square and rectangular compression-loaded aluminum plates with centrally
located circular, square, and elliptical cutouts. The results indicated that the plates exhibit overall
trends of increasing buckling strain and decreasing initial post-buckling stiffness with increasing
cutout width. Results showed that the reduction in initial post-buckling stiffness due to a cutout
generally decreases as the plate aspect ratio increases. Also, the square plates with elliptical
cutouts having large cutout width/plate width ratio generally lose pre-buckling and initial post-
buckling stiffness as the cutout height increases.

4.3.3 Strength and Effective Width

4.3.3.1 Uniform Compression

Local buckling causes a loss of stiffness and a redistribution of stresses (see the previous
section). Uniform edge compression in the longitudinal direction results in a nonuniform stress
distribution after buckling (Fig. 4.17) and the buckled plate derives almost all of its stiffness
from the longitudinal edge supports. It is worth noting that the longitudinal stress distribution of
Fig. 4.17 is an idealization of the membrane stress at the cross-section where the buckling wave
is at maximum deformation; the longitudinal membrane stress varies along the length of the plate
and the bending stress at the face of the plate provide a wholly different picture than Fig. 4.17.
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Fig. 4.17 Longitudinal stress after buckling and definition of effective width

An important semiempirical method of estimating the maximum strength of plates is by
the use of the effective width concept. The fact that much of the load is carried by the region of
the plate in the close vicinity of the edges suggests the simplifying assumption that the maximum
edge stress acts uniformly over two “strips” of plate and the central region is unstressed (Fig.
4.17). Thus, only a fraction of the width is considered effective in resisting applied compression.
The concept of effective width is, however, not confined to calculation of post-buckling strength
of uniformly compressed plates but has become the means of allowing for local buckling effects
in columns, panels, or flexural members that have the dual function of supporting loads and
acting as walls, partitions, bulkheads, floors, or roof decking. In a plate structure, use of the
effective width leads to an effective cross section consisting of portions of members meeting
along a junction. It is near these junctions that the plates will begin to yield preceding failure.

The effective-width concept has been used in design specifications for many years.
Specifications of the AISI (2007), the Aluminum Association (2005), and the AISC (2005) all
permit the use of an effective width in the design of members having plate elements with b/t
ratios greater than the limits for full effectiveness. Though implementations of the effective
width method vary greatly for the three design specifications.

The effective-width concept seems to have had its origin in the design of ship plating
(Murray, 1946). It had been found that longitudinal bending moments in ships caused greater
deflections than those calculated using section properties based on the gross area of the
longitudinal members. Deflections could be calculated more accurately by considering only a
strip of plate over each stiffener having a width of 40 or 50 plate thicknesses as effective in
acting with the stiffeners in resisting longitudinal bending.

The advent of all-metal aircraft construction provided another opportunity for the use of
the effective-width concept, since it was advantageous to consider some of the metal skin
adjacent to stiffeners as being part of the stiffener in calculating the strength of aircraft
components. Cold-formed members used in steel buildings also provide useful applications of
stiffened-sheet construction. A thorough discussion of the effective-width concept as applied to
cold-formed steel design has been prepared by Winter (1983).



Tests by Schuman and Back (1930) of plates supported in V-notches along their unloaded edges
demonstrated that, for plates of the same thickness, increasing the plate width beyond a certain
value did not increase the ultimate load that the plate could support. It was observed that wider
plates acted as though narrow side portions or effective load-carrying areas took most of the
load. Newell (1930) and others were prompted by these tests to develop expressions for the
ultimate strength of such plates. The first to use the effective-width concept in handling this
problem was von Karman (1932). He derived an approximate formula for the effective width of
simply supported plates, and in an appendix to his paper, Sechler and Donnell derived another
formula based on slightly different assumptions. Subsequently, many other effective-width
formulas have been derived, some empirical, based on approximate analyses, and some based on
the large-deflection plate-bending theory, employing varying degrees of rigor.

For plates under uniform compression, stiffened along both edges parallel to the direction
of the applied compression stress, von Karman (1932) developed the following approximate
formula for effective width, based on the assumption that two strips along the sides, each on the
verge of buckling, carry the entire load:

p=| 7 |E 4.19
e [mﬂ @1

Combining Eqgs. 4.19 and 4.1, for k = 4 (simple edge supports), the formula suggested by
Ramberg et al. (1939) is obtained (see Fig. Fig. 4.17 for notation):

b o
= = 4.20
e (4.20)
From Fig. 4.17, the average stress is
b
o, =—*%0 4.21
av b e ( )

Substituting Eq. 4.20 into Eq. 4.21 with the edge stress equal to the yield stress (. = 0,) gives us

O, =400, (4.22)
As a result of many tests and studies of post-buckling strength, Winter (1947) and Winter et al.
(1950) suggested the formula for effective width that was adopted in the 1946 through 1962
editions of the AISI specifications for cold-formed steel members:

be 19 [E|1-0475 /EiJ (4.23)
t o, o, b

or, alternatively, in the form of Eq. 4.5,

b _ 9] 1_025 "] (4.24)
b o} o

e e

Equations 4.23 and 4.24 are basically the same as Eqgs. 4.19 and 4.20, respectively, but include a
correction coefficient determined from tests and reflecting the total effect of various
imperfections, including initial deviations from planeness. Equation 4.23 was found to be
satisfactory also for austenitic stainless steel in the annealed and flattened condition (Johnson
and Winter, 1966) and for quarter- and half-hard type 301 stainless steel (Wang, 1969; Wang et
al., 1975).

Introducing the coefficient B= b/t,/o,/ E , Winter’s formula, Eq. 4.23, can be written as



e

b B B
A formula proposed by Conley et al. (1963) is nearly the same as that proposed by Winter and
can be expressed as

b, _1.90 0.90

(4.25)

b B B
A useful form of Eq. 4.25 or 4.26 is obtained by introducing the material yield strength into the

b, _182 082 4.26)

dimensionless parameter B. If B is defined as

B=B /%:?/% 4.27)

and if o,/0. 1s substituted for b./b, and both sides of the equation are multiplied by o./0,, Eq.
4.26 can be written as

av

o 1.82 |0, 0.82
e @29
y y

By introducing discrete values of B into Eq. 4.28, the relationships shown in Fig. 4.18 between
ow/oy and o /o, for B values greater than 1.0 were determined. It was assumed that there would

be no loss of plate effectiveness for values of B <1.0 and thus the straight line from (0, 0) to

(1.0, 1.0) was drawn for B= 1.0. Lines of constant B when plotted fully are tangent to the B =
1.0 line, and only their upper portions are shown. Thus for any given strength level of plate steel,
a relationship between average stress after buckling and the maximum or edge stress of the plate
panel is established as a function of the actual /¢ ratio. This relationship is valid for stiffened
plates in which the ratio of stiffener cross-sectional area to plate-panel cross-sectional area is
small. If the cross section of a structural member includes a buckled plate, the effective-width
approach should be used in computing deflections, in determining the location of the neutral
axis, or in other calculations where the effective moment of inertia or radius of gyration of the
member is important.
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Fig. 4.18 Chart for determining c./oy

In the 1968 and later editions of the AISI specification for cold-formed steel members
(e.g., AISI 2007) the coefficients in Eqs. 4.23 and 4.24 were reduced slightly, giving the
following expressions for effective width:

be_19 [E | 1.0-0415 /51] (4.29)
t o, o, b
b, o o
De_ % 10022 /—J (4.30)
b o, o,

The limiting value of b/¢ when all of the width is considered to be effective is obtained by setting

b, equal to b. The AISI value thus obtained from Eq. 4.14 is (b/f)iim = 221/ Jo. AISC values of
effective width (2005) remain slightly more liberal than those of AISI. (See Section 4.3.3.5 for
further information on width-to-thickness limits.)

In the calculation of the ultimate compression load for plates supported along the two
unloaded edges, o, is taken equal to the compressive yield stress for steel. For aluminum alloys
and magnesium alloys, o, is taken as 0.7 times the yield strength, as determined by the offset
method. However, if the buckling stress g, exceeds 0.7 times the yield strength, the load capacity
as determined by inelastic plate-buckling analysis may be taken as bta, in which o, 1s determined
by Eq. 4.16 (inelastic buckling) and the effective width need not be calculated. The use of the
ultimate compressive buckling load in specifications for aluminum structures is discussed later in
this section.

Equation 4.30 can be used to determine a nondimensional ultimate-strength curve for
steel plates in the post-buckling range. The average stress on the plate at ultimate load, a,,, is the
ultimate load divided by the total area. From Eq. 4.30,

or
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In Fig. 4.19 the average stress at ultimate load, by Eq. 4.31, is compared with the uniform-edge
compression stresses to cause buckling. A method for predicting the strength of simply supported
plates, taking into account initial out-of-flatness, is given by Abdel Sayed (1969) and Dawson
and Walker (1972). Out-of-flatness, residual stress, and strain hardening are considered by
Dwight and Ratcliffe (1968).

(delete equation numbers in figure or replace with new numbers 4.7->4.22, 4.16>4.31,4.18>4.33 (4.1 remains the same))
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Fig. 4.19 Nondimensional buckling curves for plates under uniform
edge compression (adapted from Brockenbrough and Johnston, 1974).

For a plate supported along only one longitudinal edge, the effective width has been
experimentally determined by Winter as

%: 1.19, |2« [1—0.30 % ] (4.32)
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This equation has also been confirmed by an analysis carried out by Kalyanaraman
(Kalyanaraman et al., 1977; Kalyanaraman and Pek6z, 1978). The average stress at ultimate load
can then be expressed as

o, =1.19 0.0, {1—0.30 “ﬂ} (4.33)

O,

Equation 4.33 is also shown in Fig. 4.19. This curve actually falls above and to the right of Eq.
4.31, but it must be remembered that in the elastic range o, for a plate supported on both
longitudinal edges is about eight times as large as that for the same plate supported along only
one longitudinal edge.

Considering that Eq. 4.29 is an appropriate formula for determining the effective design
width of stiffened compression elements with a k£ value of 4.0, a generalized formula for different
stiffened compression elements with various rotational edge restraints can be written as follows:

b _ 95 k—E[l —0.209 [*E 5] (4.34)
t o, o, b



In fact Eq. 4.34 has also been extended to unstiffened elements. For example to determine the
effective width of a plate simply supported on only one longitudinal edge, the engineer would
use k=0.425 of Fig. 4.2 in Eq. 4.15. This basic approach where an appropriate £ value is used to
determine the strength regardless of the boundary conditions (or loading) is known as the unified
method and has been shown to provide adequate strength predictions for a variety of conditions
(Pekdz 1987) and forms the basis for the cold-formed steel specification discussed further in
Chapter 13.

Jombock and Clark (1962) list 14 effective-width formulas, along with their sources, and
discuss the assumptions on which they are based. Since the effective-width concept is also well
developed in current specifications and commentaries, it is suggested that reference be made
thereto for further information on this topic.

Certain box-girder-bridge structural failures in the early 1970s have interjected a warning
due to designers of plate structures that many aspects of plate behavior need further
investigation. For example, the concepts of effective width and average stress at failure consider
plate strains only up to the maximum plate capacity—that is, the ultimate load as characterized
by reaching the yield stress at the edge. Research has shown that inelastic strains beyond the
point may lead to a sudden and substantial reduction of the plate’s load-carrying capacity
(Dwight and Moxham, 1969; Dwight, 1971).

4.3.3.2 Compression and Bending

One approach to determining the ultimate strength of a plate in bending, or compression
and bending, is to use the plate buckling coefficients from Section 4.2.2 applied in Winter’s
effective width formula, 1.e. Eq. 4.34. One difficulty that remains after determination of the
effective width, b, is how to distribute b, to the plate edges. For example, for a simply supported
plate in bending if b./b is designated as p, Fig. 4.20 provides a rational method for distributing
the effective width based on maintaining force and moment equilibrium in the effective plate
based on the work of Schafer and Pekoz (1999). Other alternatives exists, for example LaBoube
and Yu (1982), Pekoz (1987), and Usami (1982). For plates with one longitudinal edge free the
plate buckling coefficients of Fig. 4.5 may be used with Eq. 4.34 to provide effective width
predictions. Distribution of the effective width is provided by Bambach and Rasmussen (2004b)
and has been adopted in AISI (2007).

A direct solution for the ultimate strength of plates under compression and bending
without recourse to effective width was studied and proposed by Rhodes and Harvey (1971,
1976, 1977). In the case of simply supported plates under eccentric loading P, the failure loads
for plates with various loading eccentricities can be accurately predicted by a simple expression
of the form (Rhodes and Harvey, 1977).

5 pb o,+11.4
" 22D b(e/b)+0.85
where D = Ef/12(1 — %), o, zay(bzt/ﬂzD) , and e is the distance from the point of load
application to the remote edge of the plate.

(4.35)
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Fig. 4.20 Distributing effective width in plates under a stress gradient, after (Schafer and Pekdz 1999)

4.3.3.3 Longitudinally varying Compression

It has been demonstrated that the use of the plate buckling coefficients of Section 4.2.7 in
Winter’s effective width formula lead to reliable and conservative predictions of the strength of
plates under longitudinally varying compression, as occurs in the compression flange of
members subjected to moment gradient (Yu and Schafer 2006).

4.3.3.4 Plates with holes

The simplest means for determining the ultimate strength and effective width of plates with holes
is to adopt the “unstiffened strip” approach described in Section 4.2.11, in particular Fig. 4.12.
The strips of plate material adjacent to the hole are treated as plates with one longitudinal edge
free, i.e., unstiffened strips; the plate buckling coefficient may then be determined like any other
plate with one edge free (e.g., Fig. 4.2), and the effective width calculated using Winter’s
formula. This approach, which was developed by Vann (1971), Yu and Davis (1973), and Miller
and Pekoz (1994), is essentially that adopted in AISI (2007).

4.3.3.5 Width-to-thickness limits

In plastic design of steel structures, it is necessary that the moment capacity of the member not
be impaired by local buckling until the required rotation is achieved. This can be achieved by
limiting the width-to-thickness ratios of elements that are vulnerable to local buckling in the
inelastic range. Such limiting width-to-thickness ratios have been proposed for flanges of I-
beams by Lay (1965). Further studies of this topic can be found in the following references:
Dawe and Kulak (1984, 1986), Kuhlmann (1989) and Kemp, (1996). Such provisions are also
available in design specifications (AISC 2005). Additional width-to-thickness limits have also
been adopted for seismic applications where cyclic inelasticity must be considered (AISC
2005b). (Earls 1999) shows that care must be taken in the use of these limits particularly as new
high strength materials are introduced and the buckling limit states may not follow the simple
empirical criteria previously employed.



4.3.4 Strength in shear and combined loadings with shear

The initial mode of buckling in pure shear, which takes the form of a half wave in the tension
direction and at least one full wave in the compression direction (Fig. 4.10a), undergoes a change
in the advanced post-buckling range, eventually taking the form of a family of diagonal folds
(Fig. 4.10b). These folds carry significant tensile stresses developed in the post-buckling range
and the displacement pattern is called a tension field. The dominance of this tension field
behavior has lead to methods other than effective width for determining the strength of thin
plates in shear.

The maximum shear load that can be applied before failure occurs due to a breakdown of
the material in the tension field, and it is influenced by the rigidity of the edge members
supporting the plate. This problem is dealt with in greater detail in Chapter 6 for bridge
applications and is discussed further in Section 4.3.8 below within the context of steel plate shear
walls for buildings.

For a plate with infinitely stiff edge members, the maximum shear strength can be
estimated by the formula (Allen and Bulson, 1980)

V. =zbt+io,bt (4.36)

where

o, = «/Gi —0.7572 = 1.5z,  provided thatz, [J o, .<<0y (4.37)

Stein and Manue (1989) presented buckling and post-buckling results for plates loaded by in-
plane shear. The buckling results had been plotted to show the effects of thickness on the stress
coefficient for aluminum plates. Results were given for various length-to-width ratios. Post-
buckling results for thin plates with transverse shearing flexibility were compared to results from
classical theory. The plates were considered to be long with side edges simply supported, with
various in-plane edge conditions and the plates were subjected to a constant shearing
displacement along the side edges.

Elangovan and Prinsze (1992) carried out a numerical investigation, using a finite
element buckling analysis to determine the critical shear stress of flat rectangular plates with two
opposite edges free. Plate sizes and the boundary conditions at the two edges loaded in shear
were the parameters considered in their study. Results showed a considerable difference in the
buckling strength of plates if the in-plane displacement normal to the loaded edges were
restrained either at one or at both of those edges.
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Information on the post-buckling strength of plate elements subjected to the combined
action of shear and compression is limited. A semiempirical method for the determination of
stress levels at which permanent buckles occur in a long plate with simply supported edges under
the combined action of uniform axial compression and shear has been suggested by Zender and
Hall (1960). Additional information on post-buckling strength of plates subjected to the
combined action of shear and bending can be found in Chapters 6 and 7.

4.3.5 Strength of biaxially compressed plates

Few simplified design methods exist for post-buckling and strength prediction of
biaxially compressed plates. For example, the effective width method for plates under biaxial
compression has seen little study. Isami and Hidenori (1989) employed mechanism analysis
methods (see Section 4.3.7) to provide predictions for biaxially compressed plates. Post-buckling
and strength prediction relies primarily on geometric and material nonlinear finite element



analysis. For example biaxial compression of ship plates with particular attention paid to the role
of initial imperfections in determining the ultimate strength is studied by (Paik et al. 2004). In
addition, they show that the collapse behavior of biaxially compressed plates can vary
significantly from those under only longitudinal compression.

4.3.6 Average stress and strength of aluminum plates

As an alternative to the effective width concept for wide, thin plates, another approach is to use
the average stress at failure and the actual (unreduced) plate width. This is the basis for allowable
stresses on thin sections in the Aluminum Association specifications (AA, 1994). In applying
these specifications the designer does not, in general, calculate an effective width but uses
instead an allowable stress that has been derived by applying a factor of safety to the average
stress at failure for plate elements. For plates that buckle in the inelastic stress range, the average
stress at failure is considered to be the same as the local-buckling stress, since plates of these
proportions have little post-buckling strength (Jombock and Clark, 1968). Inelastic local-
buckling strength for aluminum plates is represented in the specifications by the following
straight-line approximation to Eq. 4.1 (Clark and Rolf, 1966):

o, = Bp —Dprqé (4.38)
where
(U )1/3

B, =0, |:1+ : } (439)
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B 3/2
D, = ,f (‘;5))1/2 (4.40)
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k =, /—k (4.41)

For aluminum alloys that are artificially aged (temper designations beginning with T35,
T6, T7, T8, or T9), k, = 11.4 ksi'” (78.6 MPa'?) and &3 = 10. For other aluminum alloys (temper
designations beginning with 0, H, T1, T2, T3, or T4), k» = 7.6 ksi'”? (52.4 MPam) and k3 =
10+/2/3 . Equation 4.20 has been shown to agree well with the results of tests on aluminum plate

elements (Clark and Rolf, 1966; Jombock and Clark, 1968). For plates that buckle elastically, the
average stress at failure is represented for purposes of the aluminum specification as

Op =00, (4.42)
Equation 4.42 corresponds to Eq. 4.22. Jombock and Clark (1968) demonstrated that the edge
stress at failure o, for aluminum plates could be represented by a function of the intercept B, in
Eq. 4.38. This results in a simple relationship between the ultimate-strength curves
corresponding to elastic and inelastic buckling. Generally, this edge stress at failure for
aluminum alloys is about 0.7g,.

The formulas used in the Aluminum Association specifications (AA, 1994) are illustrated
in Fig. 4.7. Comparisons with test results were published by Jombock and Clark (1968). The use
in these specifications of the average stress at failure for thin sections results in some
simplification, since the designer does not have to calculate an effective width. However, it
sacrifices some of the flexibility of the effective-width approach. For example, the average
stress-at-failure method does not treat the change in moment of inertia of a member when its



compression elements are in the post-buckling range, and hence does not readily lend itself to
calculation of deflections. Therefore, the Aluminum Association specifications include an
effective-width formula to be used in calculating deflections in the post-buckling range. See
Chapter 13 for further discussion.
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Fig. 4.22 Equations for buckling stress and ultimate strength of plates used in
Aluminum Association specifications (AA, 1994).

The Aluminum Association specifications (AA, 1994) treat post-buckling strength of
webs in bending by means of an average stress approach similar to that used for plates in
compression. This approach is compared with test results by Jombock and Clark (1968).

4.3.7 Yield-line analysis and plastic buckling of plates

Yield-line analysis represents the extension of concentrated plasticity such as plastic hinge
analysis in beams to two-dimensional structures. For out-of-plane loading (applied loads on floor
slabs, etc) yield-line analysis has a long history; however for in-plane loading such as that which
has been the focus of this chapter the use is less widespread. One of the primary difficulties with
the extension to in-plane loads is that yielding mechanisms for in-plane loaded plates typically
involve yielded zones (membrane extension), as well as yield lines (where bending and twist)
occur. Successful applications include connection design, particularly for tubular and HSS
sections (Kosteski et al. 2003), determination of the limiting rotation for beams (Gioncu and
Petcu 1997; Shi et al. 1996), and patch loading or crippling of webs. Use of yield-line analysis
for generalized collapse analysis of plates is not widespread, Bambach (2008) represents a recent
summary and the most complete treatment still remains Murray and Khoo (1981), Murray
(1984).

Inoue et al. (1993) studied an analytical evaluation of the effective plastic shear modulus
of fully yielded steel plates at the instant of buckling. It was assumed that yielding of steel was to
follow the Tresca yield criterion and that plastic deformation of a steel plate was to be caused by
slips. The Tresca yield criterion provides lower bending stiffnesses than those obtained from the
von Mises yield criterion, but it does not lower the plastic shear modulus of the material at any
point on the yield plateau. They proposed a new theory that assumes a nonuniform distribution of
slips depending on the orientation of an infinite number of possible slip planes at each point in
the plate. The twisting of the plate is then accompanied by distortion of its sectional shape, and
this mode of buckling is shown to provide a considerable reduction in the effective plastic shear
modulus. Applying these sectional stiffnesses and solving differential equilibrium equations



leads to a lower bifurcation strength, which provides much better correlations with experimental
results than those of previous predictions.

4.3.8 Energy dissipation (steel plate shear wall)

The collapse of metal plate structures generally involve either fracture or stability limit states.
Stability limit states, such as inelastic local plate buckling are typically preferred over fracture
limit states, because they provide some post-buckling resistance, and hence greater ductility and
the potential for energy dissipation. For seismic design energy dissipation is a fundamental need
for most structures, rather than rely on inherent or assumed energy dissipation, modern designs
often attempt to explicitly use specific element(s) for energy dissipation. Properly designed and
detailed a thin plate undergoing post-buckling may provide reliable energy dissipation.

Steel plate shear walls are an important example of the application of metal plate
structures for the purposes of energy dissipation. Utilizing the post-buckling response of plates in
the shear experimental tests under cyclic load have been used to verify the potential energy
dissipation of unstiffened steel plate shear walls, as shown in Fig. 4.23. (Caccese et al. 1993)
(Elgaaly et al. 1993) (Elgaaly 1998) (Lubell et al. 2000). Currently phenomenological models are
favored for characterizing the response of steel plate shear walls, while such models have
limitations, they are readily implemented in nonlinear dynamic analysis allowing the influence of
steel plate shear walls on full structural systems to be studied (Roberts and Sabouri-Ghomi 1992;
Sabouri-Ghomi and Roberts 1992). Recent and ongoing researcher indicates that perforated steel
plates may offer further advantages for energy dissipation as shown in Fig. 4.24 (Hitaka and
Matsui 2003).

Story Shear (kN)

Story Drift (mm)

Fig. 4.23 Hysteretic response of a steel plate shear wall under cyclic loading (Lubell et al. 2000)
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Fig. 4.24 Hysteretic response of steel plate shear walls with cutouts (Hitaka and Matsui 2003)



4.4 BUCKLING, POST-BUCKLING AND STRENGTH OF STIFFENED
PLATES

This section deals with the buckling and ultimate strength of stiffened flat plates under various
combinations of loadings. The behavior of the stiffened plate as a unit is emphasized rather than
the stability of its individual elements. However, in design, the structural properties of all of the
components must be considered.

Stiffened plates can fail through instability in essentially two different ways. In one,
overall buckling (also referred to as stiffener buckling or distortional buckling in the literature),
the stiffeners buckle along with the plate, and in the other, local buckling, the stiffeners form
nodal lines and the plate panels buckle between the stiffeners. In either case the stiffness of the
combination may be such that initial buckling takes place at fairly low stress levels.
Nevertheless, a significant amount of post-buckling strength may remain in the stiffened plate,
provided that proper attention is given to the design and fabrication of the structural details. A
great deal of information on this subject can be found in the Handbook of Structural Stability
(CRCJ, 1971) and in a book by Troitsky (1976).

Finally, as discussed in the introduction to Section 4.3, today it is becoming increasingly
common to study buckling, post-buckling, and strength through geometric and material nonlinear
finite element analysis using plate or shell elements. Such models provide the capability to
accurately include boundary conditions, imperfections, residual stresses, etc. and are a powerful
too in the study of stiffened plates. For the most part, the discussion provide herein focuses on
analytical methods and tools that can be used with far greater expediency than a complete
nonlinear finite element analysis. For further discussion on stiffened plates see Chapters 6,7 and
13, and for further discussion on finite element modeling for stability problems see Chapter 21.

4.4.1 Compression: Buckling

It is often economical to increase the compressive strength of a plate element by introducing
longitudinal and/or transverse stiffeners (Fig. 4.25). In the following paragraphs methods are
presented for determining the compressive strength of stiffened plate panels. The edges of the
plate are assumed to be simply supported in all cases, and it is also assumed that individual

elements of the panel and stiffeners are not subject to instability.
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4.4.1.1 Longitudinal Stiffeners

Seide and Stein (1949), Bleich and Ramsey (1951), and Timoshenko and Gere (1961) have
presented charts and tables for determining the critical stress of plates simply supported on all
edges and having one, two, or three equally spaced longitudinal stiffeners parallel to the direction
of the applied compressive load. The solutions of Seide and Stein are also useful for other
numbers of equally spaced stiffeners. In all of these solutions the stiffeners are assumed to have
zero torsional rigidity. If we consider only overall buckling with m=1 then this classical solution
may be provided in a compact form (Schafer and Pekoz 1998) where:

m’D
=k, —— 4.43
ﬁ‘r cr bozt ( )
(4.44)
(4.45)
A A ). : 3
7i:ﬂ 51‘:( S)l ai=i D= = 2 (4.46)
b,D bt b, 12‘1—1/ ,

and [ is the stiffener moment of inertia, b, the plate width, 4 the stiffener area, and c; the
distance the stiffener is from the edge, this form of the expressions is adopted in AISI (2007).

A conservative method of analysis proposed by Sharp (1966) divides the analysis of the
stiffened plate into two parts: one applying to short panels in which the buckled configuration
takes the form of a single half-wave in both the longitudinal and transverse directions and
another applying to long panels in which several longitudinal waves may occur along with a
single half-wave in the transverse direction. In very short panels, the stiffener and a width of
plate equal to the stiffener spacing, d, are analyzed as a column of length, a, with a slenderness

ratio
L
(_j _e (4.47)
r eq re
where r, is the radius of gyration of the section consisting of a stiffener plus a width of plate
equal to d.

In long panels the critical stress is larger than that calculated by the use of Eq. 4.47. In
this case an equivalent slenderness ratio is defined for use in column strength formulas,

L. 6(1—v2)é\/ 1+ (4, /b0) (4.48)

t\1+/(El,/bD)+1
where

b = Nd = overall width of longitudinally stiffened panel

N = number of panels into which the longitudinal stiffeners divide the plate

1, = moment of inertia of section consisting of the stiffener plus a width of plate equal to d
A, = cross-sectional area of stiffener

I"eq
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The smaller of the values from Eqs. 4.47 and 4.48 is used in the analysis, and it is assumed that
the plate is fully effective over the panel width d. For greater values of d, buckling of the
stiffeners and of the plate between the stiffeners would need consideration.

A flat aluminum sheet with multiple longitudinal stiffeners, or a formed stiffened sheet,
subjected to a uniform longitudinal compression (Sherbourne et al., 1971) will buckle into waves
of length b, in which b is the plate width and ¥ = 1.8(L/)"*, where I, is the moment of inertia
in the strong direction and ¢ is the plate thickness. For a formed aluminum stiffened sheet this
becomes ¥ = 1.8(pr/#)""%, in which p is the ratio of the developed sheet width to the net width,
and r, is the radius of gyration in the strong direction. If the spacing, a, of transverse supports is
less than b, the elastic critical stress is given approximately by

o, = E[1+(a/yb)*]

@iy (4.49a)
If the spacing exceeds ¥b, then
o, =21"E
—(l//b Iy (4.49b)

The Canadian standard (CSA, 1983), using this method, reduces the design procedure to
determining the equivalent slenderness ratios, which are, respectively, for the two cases,

alr,
/1:[1+(a/waﬂ”2 (4.50a)
_07wb (4.50b)
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4.4.1.2 Transverse Stiffeners

The required size of transverse stiffeners for plates loaded in uniaxial compression has been
defined by Timoshenko and Gere (1961) for one, two, or three equally spaced stiffeners, and by
Klitchieff (1949) for any number of stiffeners. The stiffeners as sized provide a nodal line for the
buckled plate and thus prohibit overall buckling of the stiffened panel. The strength of the
stiffened panel would be limited to the buckling strength of the plate between stiffeners. These
authors also give formulas for calculating the buckling strength for smaller stiffeners. The

required minimum value of y given by Klitchieff is
4m’ =D[(m* =1’ =2(m* + ) B* + p*
- G =Dl =1 =20 + D"+ ) @51)
2mSm” +1-f '«

where

a’ a El
y/j - a 5 % D (4.52)
and m is the number of panels, m — 1 the number of stiffeners, and E/; flexural rigidity of one
transverse stiffener. These stiffener sizes should be understood as ideal stiffeners, in actuality
unavoidable imperfections and the desire to avoid coupled instabilities will require designers to
use stiffeners greater than those of Eq. 4.51.
An approximate analysis that errs on the conservative side but gives estimates of the

required stiffness of transverse stiffeners for plates, either with or without longitudinal stiffeners,




may be developed from a consideration of the buckling of columns with elastic supports.
Timoshenko and Gere (1961) show that the required spring constant, K, of the elastic supports
for a column, for the supports to behave as if absolutely rigid, is given by

mP
K=" 4.53
a (4.53)
where
m*r’ (ED),
j = " 2 (4.54)

and C is the constant depending on m, which decreases from 0.5 for m = 2 to 0.25 for infinitely
large m, (EI). the flexural stiffness of column, m the number of spans, and a the total length of
column. In the case of a transversely stiffened plate (Fig. 4.25b), a longitudinal strip is assumed
to act as a column which is elastically restrained by the transverse stiffeners. Assuming also that
the loading from the strip to the stiffener is proportional to the deflection of the stiffener, the
spring constant for each column support can be estimated. For a deflection shape of a half sine
wave the spring constant is

7' (EI),
K = (b4 ), (4.55)
Equating Egs. 4.53 and 4.55 and inserting the value given for P results in the following:
(E),  m’

= 4.56

b(EI), r’C(alb)’ (4.56)
In the case of panels without longitudinal stiffeners (E7). = D and the left side of Eq. 4.56 is y.
Values of C are tabulated by Timoshenko and Gere (1961) for m < 11. As shown by Fig. 4.26,
these values are given approximately by

C=0.25 +i3 (4.57)
m
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Fig. 4.26 Buckling of columns with elastic supports.

In Table 4.2 values calculated using Eq. 4.56 are compared to corresponding values
tabulated by Timoshenko and Gere (1961) for one, two, and three stiffeners and to those
calculated by Eq. 4.41 for 10 stiffeners. Equation 4.56 is always conservative and is highly
accurate for cases in which several stiffeners subdivide the panel.

Table 4.2 Limiting Values of gamma for Transverse Stiffeners

One Stiffener Two Stiffeners Three Stiffeners Ten Stiffeners

Timoshenko and Gere Eq. Timoshenko and Gere Eq. T'moshenko and Gere Eq. Eq. Eq.

a/b Ratio (1961) 445 (1961) 4.45 (1961) 4.45 4.42 4.45
5 12.8 1.30 65.5 65.5 177.0 177.0 4170 4220
0.6 7.25 7.5 378 38.0 102.0 122.0 2420 2440
0.8 2.82 3.2 158 16.0 43.1 432 1020 1030
1.0 1.19 1.6 794 3.20 21.9 22.1 522 528
1.2 0.435 0.94 443 4.73 12.6 12.8 301 304
V2 0 0.57 2.53 2.90 7.44 7.85 185 187

4.4.1.3 Longitudinal and Transverse Stiffeners.

For a combination of longitudinal and transverse stiffeners, Gerard and Becker (1957/1958) give
figures showing the minimum value of y as a function of « for various combinations of equally
stiff longitudinal and transverse stiffeners. The same procedure used to establish Eq. 4.56 can
also be applied to this case. The difference in the development is that the spring constant, K, of
the support is dependent on the number of longitudinal stiffeners as illustrated below. The
flexural stiffness (E]). in these cases is equal to the average stiffness per unit width of the plate-
longitudinal stiffener combination.



(ED)

Number and Spacing of -
Longitudinal Stiffeners Spring Constant, K b(El). =y
One centrally located 48(EI), 0.206m°
b’ C(alby’
Two equally spaced 162 (EI), 0.152m’
5 0 C(alby’
Four equally spaced 18.6(EI), 0.133m°
b’ C(a/b)’
Infinite number equally spaced 7 (EI), m’ 0.1013m’
b 7*C(a/b)}  C(alb)’

The required size of transverse stiffeners in a panel also containing longitudinal stiffeners
is thus approximately

3
B, ___m (1+ 1 j (4.58)
b(El), nC(alb) N -1
This formula yields essentially the same values as does the formula presented for
aluminum panels in the Alcoa Structural Handbook (Aluminum Company of America, 1960).
With this size of transverse stiffener the strength of the panel is limited to the buckling strength
of the longitudinally stiffened panel between transverse stiffeners.

4.4.1.4 Stiffener Type

The methods of analysis described above are directly applicable to open-section stiffeners having
negligible torsional stiffness and are conservative when applied to stiffeners with appreciable
torsional stiffness. The influence of torsional stiffness on overall panel buckling has been studied
by Kusuda (1959) for the case of one longitudinal or one transverse stiffener. Stiffeners with
large torsional rigidity also provide partial or complete fixity of the edges of subpanel plating,
thereby increasing their critical stresses.

It has been shown by Lind (1973) and Fukumoto et al. (1977) that the stiffener type
affects the buckling mode as well as the ultimate carrying capacity of the stiffened plate. It has
also been shown by Tvergaard (1973), and Fok et al. (1977) that local imperfections of stiffeners
influence significantly the overall buckling behavior of stiffened plate panels.

4.4.2 Compression: Post-buckling and Strength

Buckling of a stiffened-plate panel may occur by primary instability with a half wavelength
which is on the order of the panel length, or by local instability with a half-wavelength which is
on the order of the width of plate elements of the plate and stiffeners. As plate panel length
increases, the ultimate stress decreases, until at large slenderness ratio the panel fails in flexure
as a long column. The ultimate strength in the long-column range can be predicted by the Euler
column formula, where the radius of gyration is computed for the combined section of the
stiffener and the effective width of the plating. At an intermediate slenderness ratio there is a
transition in the mode of failure from the purely local mode to one dominated by overall panel
failure. In the transition zone the panel fails through a combination of the primary buckling and
flexural modes and may involve stiffener twisting.



It is well known that plates supported at their edges are often able to sustain compressive
load far in excess of their buckling loads. The margin between the buckling load and the ultimate
load in plates, known as the post-buckling strength, depends on whether the critical stress is
reached below or above the proportional limit of the material. If the buckling stress is well below
the proportional limit, the ultimate load may be many times greater than the buckling strength,
depending on the aspect ratio, a/b, of the plate element. As the buckling stress approaches the
yield strength of the material, the reserve strength in the post-buckling range approaches zero.
See Section 4.3 for further discussion of the distinctions between elastic buckling, inelastic
buckling, post-buckling and strength of plates.

Initial buckling modes of stiffened flat panels vary with the slenderness ratio of the panel
and with the type of construction: monolithic or built-up. In the following, as a basis for
evaluating post-buckling strength, a brief discussion is given regarding predictions of initial
buckling stresses and ultimate strength.

4.4.2.1 Local Instability Mode

The initial buckled form has one transverse sinusoidal half-wave, with perhaps a number of
longitudinal half-waves. As the compressive load is increased, the central portion of the
transverse half-wave becomes flattened, and, as shown in Fig. 4.27 the transverse deformation is
no longer a simple sinusoidal curve. The well-known effective-width approach to the analysis of
the post-buckling strength of a flat plate is based on the stress distribution associated with this
buckled form, as discussed in detail in Section 4.3.3.
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Fig. 4.27 Initial and final buckled shapes

Another change of buckled form is possible when a rectangular flat plate, simply
supported on all sides, is subjected to uniform edge compression and is free to expand laterally.
A dynamic snap from one buckled form to another may occur by a sudden change of wavelength
of buckles along the direction of compression. The behavior of the flat plate in this sense is
analogous to the elastic post-buckling of a column supported laterally by a nonlinear elastic
medium (Tsien, 1942; Stein, 1959; Koiter, 1963). A column supported laterally by a finite
number of nonlinear elastic restraints buckles initially into m sinusoidal half-waves over its
length; then subsequently the buckled form may become unstable, and the column may snap into
n half-waves, with n being greater than m. The exact analysis of transition between the two
modes of buckling is not known at present. Sherbourne et al. (1971) determined the terminal
wavelength for flat plates at the ultimate capacity.

4.4.2.2 Failure Strength of Very Short Stiffened Panels

For a short stiffened plate with the slenderness ratio smaller than 20, Gerard and Becker
(1957/1958) note that the failure stress is independent of the panel length. The average stress at
failure in this slenderness range is known as the crippling, crushing, or local-failure stress, and



will be represented by c f . Gerard and Becker (1957/1958) present a method for determining
the crippling stress of short longitudinally stiffened panels. However, for most cases, the yield
stress of the material can be considered the failure stress for short stiffened panels.

4.4.2.3 Ultimate Strength of Intermediate and Long Stiffened Panels

Gerard and Becker (1957/1958) describe a method to predict the buckling failure of stiffened
panels based on a curve analogous to the Johnson parabola shown in Fig. 4.28. At stresses lower
than the local buckling stress o, and the proportional limit ¢,,, the Euler column equation is used.
In the transition range between L/ = 20 and the long column, a parabola of the following form is

used:
172 1722
5. =5, 1-Z| 1-2e (%j (4.59)
o, G, \ oy —o0,

where & . is the failure stress, o.= 7° E/(L/r)* the Euler stress for the panel, o, the failure stress

for a short stiffened panel, and o2 the Euler stress evaluated at L/r = 20. Many direct-reading
column charts have been prepared for panel ultimate strength. The type of plot is shown in Fig.
4.29. Gerard and Becker (1957/1958) have provided references and examples of this work.
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Fig. 4.28 Column curve for stiffened panels.
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Fig. 4.29 Column chart by Gerard and Becker (1957/1958).

In the determination of panel strength it is necessary to estimate the effective column
length of the plate-stiffener combinations as well as the effective width of plating that acts in
conjunction with the stiffener. When the critical stress for the individual panel of plating between
stiffeners is greater than the critical stress for the stiffened panel, the plating may be assumed



completely effective, and the effective column length of the panel is determined by the end
conditions. When the critical stress for the individual plating panel is significantly less than that
for the stiffened panel as a unit, the ultimate strength of the stiffened plate is considered to be the
lesser of (1) the load that causes the stress at the juncture of plate and stiffener to reach the yield
strength of the material, or (2) the column strength of the stiffener in conjunction with an
effective width of plating that is less than the actual width of plating between stiffeners.

The application of the first criterion for ultimate strength assumes that the stiffener is stiff
enough to allow the plate-edge stress to reach the yield stress before the stiffener buckles as a
column and that the stress distribution across the buckled plate can be determined, while the
second criterion assumes that the effective column length of the stiffener and the effective width
of the associated plating can be properly determined and that residual stresses and distortions due
to fabrication are properly accounted for with regard to column buckling. The effective-width
concept is treated in Section 4.2.

To provide a better understanding of the behavior of stiffened plates, a theoretical study
was carried out by Wittrick (1968). The collapse of box-girder bridges in the early 1970s
precipitated a great interest in research on various aspects of box girders, especially the
interactive buckling of an assembly of plates and the ultimate strength of a stiffened plate. The
research efforts in many ways were centered around the Merrison Committee (1973). Murray
(1975) reported on analysis and design procedure for the collapse load for the stiffened plates.
Crisfield (1975) presented a finite element formulation for the large-deflection elastic-plastic
full-range analysis of stiffened plating. A simple approach for the design of stiffened steel
compression flanges was proposed by Dwight and Little (1976).

A theoretical and experimental study on the inelastic buckling strength of stiffened plates
was reported by Fukumoto et al. (1977). Residual stresses were considered and the stiffened
plates treated had relatively low width-to-thickness ratios and with relatively rigid stiffeners. It
was found that partial yielding in the flat stiffeners considerably reduced the buckling strength of
a stiffened plate. In the case of plates stiffened by T-type stiffeners, the strength reduction due to
partial yielding in the stiffeners was much less pronounced. This is probably due to the fact that
the T-stiffeners were more rigid and less susceptible to initial imperfections than were the flat
stiffeners. Murray (1973) has indicated that based on experimental results there is often little
margin of strength above the load at which yielding first occurs in a stiffener. This phenomenon
can lead to a triggering effect which results in a sudden failure of the stiffened plate. Such a
viewpoint is also shared by Horne and Narayanan (1977).

Horne and Narayanan (1975, 1977) have proposed a design method for the prediction of
collapse loads of stiffened plates subjected to axial compression. They have compared the results
obtained from their method, methods proposed by other researchers, and experiments. The
results are all close to the observed strength. Horne and Narayanan’s method is based on the
British Perry—Robertson column formula and consists of analyzing the stiffened plates as a series
of isolated columns comprising a stiffener and the associated effective width of plating. The
criterion for plate failure is the attainment of yielding stress at the plate stiffener boundary. The
criterion for the stiffener-initiated failure is by yielding or by instability of the stiffener.

Little (1976) and Elsharkawi and Walker (1980) have studied the effects of continuity of
longitudinal stiffeners on the failure mode and strength of stiffened plates consisting of several
bays between cross frames. Little has indicated that there is a tendency for longitudinal
continuity to be strengthened where failure occurs in the plate, and weakened where failure



occurs in the stiffener. A simplified design method to account for the effects of continuity has
been proposed by Elsharkawi and Walker (1980).

Nonlinear finite element analysis has been compared to tests and shown to provide
reliable predictions of the ultimate strength of stiffened panels in a variety of limit states
(Grondin et al. 1998). The same researchers went on to perform a wide ranging parametric study
that resulted in design guidance for stiffened plates based on relevant plate and stiffener
dimensions. (Grondin et al. 1999). The specific role of the stiffener geometry, particularly
stiffener torsional stiffness has been the focus of tests (Ghavami 1994) as well as further
nonlinear finite element analysis (Sheikh et al. 2003).

Desmond et al. (1981a,b) have presented an experimental study of edge-stiffened
compression flanges and intermediately stiffened compression flanges. This work has been
extended for edge stiffeners (Schafer and Pekoz 1999) and intermediate stiffeners (Schafer and
Pekoz 1998). Effective width procedures for local and overall (distortional) buckling of the
stiffened panels were proposed and have been adopted by AISI (2007). Nguyen and Yu (1982)
have reported a study on longitudinally reinforced cold-formed steel beam webs. Based on the
experimental results, an effective-width procedure is proposed to predict the ultimate strength of
such members subjected to bending. Additional information on this subject matter is presented in
Chapters 6, 7 and 13.

4.4.3 Compression and Shear: Buckling

4.4.3.1 Initial Buckling
Analytical and experimental results on the buckling behavior of stiffened plates under combined
compression and shear are relatively scarce. Recourse is therefore usually made to data for
unstiffened plates supplemented with whatever data are available for the type of longitudinally
stiffened construction considered to be most important in practice, that is, that shown in Fig.
4.30. The case of unstiffened rectangular plates under combined compressive and shear stresses
has been presented in Section 4.2.4, which showed that a simple parabolic relationship of the
form of Eq. 4.60 was satisfactory for engineering purposes for all ranges of elastic restraint from
free rotation to complete fixity. The relationship takes the form

R +R =1 (4.60)
where R, is the ratio of compressive stress when buckling occurs in combined shear and direct
stress to compressive stress when buckling occurs in pure compression and Ry is the ratio of
shear stress when buckling occurs in combined shear and direct stress to shear stress when
buckling occurs in pure shear.

Johnson (1957) treated the problem of long plates with one and two stiffeners acted on by
axial compression and shearing stresses. The stiffeners were assumed to have bending stiffness
only and the resulting interaction curves show discontinuities which reflect the mode into which
the plate buckles. When the bending stiffness ratio of the stiffener to that of the plate (EI/bD) is
low, the buckle goes through the stiffener. However, when the stiffness ratio is increased so that
nodal lines occur along the stiffener lengths, buckling takes place without deflection along the
stiffeners. In this case another interaction relation exists between compressive and shearing
stresses. Another somewhat more limited study of the interaction relationship of infinitely wide
stiffened plates under compression and shearing stresses was reported by Harris and Pifko
(1969). In this study the finite-element method was used. The stiffeners were assumed to have
both bending and torsional stiffness, and the grid refinement used was judged to be adequate to
ensure accurate results. The results shown in Fig. 4.31 were compared to the parabolic



expression (Eq. 4.49). Except for the case of assumed large torsional stiffness ratio (GJ/bD =

10°) the analytical points follow the parabolic relationship very well.
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4.4.3.2 Buckling in the Inelastic Range

Analytic prediction of the interaction relationship for stiffened panels which buckle in the
inelastic range under combined compression and shear are practically nonexistent in the
literature. One such computation reported by Harris and Pifko (1969) was made for an integrally
stiffened panel made of aluminum 2024-T351 and having the dimensions shown in Fig. 4.26.
The predicted interaction curves are shown in this figure for both the elastic case, which agrees
very well with the parabolic relationship (Eq. 4.60), and the inelastic-buckling case. Because of
the limited nature of the data, no general relationship for the inelastic-buckling case can be
derived. However, it should be noted from Fig. 4.32 that the circular relationship lies above the
analytical curve of the inelastic-buckling case.
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Fig. 4.32 Analytically predicted elastic and inelastic interaction curves for an integrally stiffened panel.

4.4.4 Compresion and Shear: Post-buckling and Strength

Post-buckling behavior is complex, and exact treatment of the problem has not yet been
achieved. Because of the importance of predicting the strength of stiffened panels loaded beyond
initial buckling in the aircraft industry semiempirical methods have been in existence for many
years. In the case of light stiffened plates under combined compression and shear, the structure
will usually take a considerable load in excess of the initial buckling load of the plate. Chapter 6
covers the design aspects of using these post-buckling or tension-field theories; hence no further
discussion of these methods is made here.

4.45 Laterally Loaded plates in compression

Plates with stiffeners in the direction of the axial load that are also subjected to a distributed
lateral load are commonly encountered as the bottom plates in ships. A study based on a large-
deflection post-buckling theory (Supple, 1980) shows that lateral pressure produces effects
similar to initial geometric imperfections with a long buckling wavelength. It is shown that a
sufficiently high pressure induces stable post-buckling in the long-wave mode.



The stiffened plating is supported on heavy transverse structural members which may be
assumed to be rigid. The panels have width-to-length ratios of about 2.5 to 4.0, and there is
essentially no interaction in the transverse direction and thus the panel undergoes cylindrical
bending. It behaves as if it were a wide beam-column under axial and lateral loads. It is
convenient to isolate one longitudinal stiffener together with a plate of the width equal to the
spacing of the stiffeners, b, and to consider that all other stiffeners behave in a similar manner.
Such a beam-column is shown in Fig. 4.33.

Fig. 4.33 Idealized beam-column.

Ultimate-strength analysis, that is, the determination of the maximum values of the lateral
and axial loads that can be sustained by the member, requires a consideration of: 1. the yield
strength of plate and stiffener materials, 2. Large-deflection theory, 3. Partial plastification of the
section, and 4. Pos-tbuckling and post-ultimate-strength behavior of the plate. The complexity of
the problem, in particular, consideration of items 2, 3, and 4 suggests that numerical methods be
used. Some solutions have been obtained for standard wide-flange shapes by Ketter (1962), and
Lu and Kamalvand (1968) in the form of interaction curves between the axial and lateral loads.
Unfortunately, these results cannot be used for plating since items 1 and 4 were not considered.
Another complication is that the wide-flange sections are doubly symmetrical, whereas the
section shown in Fig. 4.33 is singly symmetrical with a very large top flange.

This means, for example, that although it was possible to nondimensionalize the results
for wide-flange sections in terms of L/» and make them applicable with a very small error to any
wide-flange section, the unsymmetrical section of the stiffened panel must be treated as a special
case for every combination of relative proportions. Nomographs for the ultimate strengths of
stiffened plates with a yield point of 47 ksi and the ranges of geometrical and loading parameters
commonly encountered in ship structures are given by Vojta and Ostapenko (1967).



45 BUCKLING OF ORTHOTROPIC PLATES

Problems related to rectangular plates with stiffeners parallel to one or both pairs of sides can be
solved approximately by methods applicable to orthotropic plate theory. An orthotropic plate is
one whose material properties are orthogonally aniostropic; a uniformly stiffened plate is
reduced to this case by effectively “smearing’ the stiffness characteristics of its stiffeners over
the domain of the plate. Clearly, the theory is best applicable when the spacing of the stiffeners is
small.

The calculation of buckling strength of orthotropic plates is based on the solution of the
following differential equation governing the small deflection w(x, y) of the buckled plate:

4 4 4 2 2 2
D18Y+2D3 82w2+D28v4V+Nxav;+N)av;+2Nx,aW:O (4.61)
ox ox’0y oy ox " oy " Ox0y
where
D = (ETD),
l—vxvy
(ET)
D, =——"r
l-vy,

D, = %(vyD1 +v.D,)+2(GI),,

in which N,, N,, and N,, are in-plane forces per unit width (Fig. 4.34), (EI), and (EI), are flexural
stiffnesses, per unit width, of beam strips in the x and y directions, respectively; v, and v, are
flexural Poisson ratios; and 2(GJ),, is a measure of torsional stiffness.
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Fig. 4.34 Plate subjected to axial and shear stress.
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Theoretical buckling data for several cases of rectangular plates with supported edges (w
= 0), under uniform in-plane loadings, Ny, N,, and N,,, applied singly or in certain combinations,
are presented. The following are some of the additional notations that will be employed: a and b
are the lengths of plate in x and y directions, respectively (see Fig. 4.34); m(integer) is the
number of buckles or half-waves in the x-direction when the buckle pattern is sinusoidal in that
direction; and n(integer) is the number of buckles or half-waves in the y-direction when the
buckle pattern is sinusoidal in the y-direction.



4.5.1 Compression

Uniaxial Compression in x-Direction, Loaded Edges Simply Supported, Unloaded Edges
Elastically Restrained Against Rotation: For these conditions, referring to Fig. 4.34, N, is the
only loading, the edges x = 0, a are simply supported, and the edges y = 0, b are each elastically
restrained against rotation by a restraining medium whose stiffness (moment per unit length per
radian of rotation) is K. The quantity Kb/D; to be denoted by ¢, will be used as a dimensionless
measure of this stiffness. An exact solution leads to the following formula defining the value of
N, that can sustain a buckle pattern containing m sinusoidal half-waves in the x-direction:

2 2 2
N =( b j Diiosg g,(—“/’"J D (4.62)
7°D, \a/m) D, b D,
where f; is the function plotted in Fig. 4.35. If (a/mb)*(D+/D3) > 0.4, Eq. 4.62 can be very closely
approximated by the formula

D

N b’ b Y D, alm\' D
X = —+2+ + 2 4'63
7D, (a/mj D, £2(#) ( b ] Djﬁ(g) (4.63)

where f; and f; are the functions plotted in Fig. 4.36. The buckling load is the smallest N,
obtained by substituting different integer values of m (m = 1, 2, 3,...) into Eq. 4.62 or, if it
applies, Eq. 4.63. In performing this minimization, one should take into account the fact that for
most practical restraining media the stiffness K is not fixed but is a function of the half-
wavelength a/m of the edge rotation. K may also depend on the axial load in the restraining
medium, therefore on N,, necessitating a trial-and-error calculation to determine N, for any
selected m. Negative values of K are physically possible but are excluded from consideration in
Fig. 4.35 and Fig. 4.36. Unequal restraints along the edges y = 0 and b can be handled
approximately by first assuming the y = 0 constraint to be present at both edges, then the y = b
constraint, and averaging the two values of N, thus obtained.
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Fig. 4.35 Function f, in Eq. 4.5
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Fig. 4.36 Functions f, and f; in Eq. 4.52.

Uniaxial Compression, Loaded Edges Simply Supported, Unloaded Edges Clamped: Here N; is
the only loading, the edges x = 0 and a are simply supported, and the other two edges are
clamped. The exact solution is contained in the condition ¢ = c of the previous example. An
approximate solution is given by Wittrick (1952) in the form

? D

ZNX—b:k—c 1-——=2 (4.64)
7\ DD, DD,

where ¢ = 2.4 and £ is taken from curve (c) of Fig. 4.37. Equation 4.64 is virtually equivalent to

Eq. 4.63 and must therefore be subject to the same restriction, [i.e., (a/mb)*(D»/D3) > 0.4].

Uniaxial Compression, All Edges Clamped: Wittrick (1952) gives an approximate solution for
these conditions in the form of Eq. 4.64 with ¢ = 2.46 and £ taken from curve (d) of Fig. 4.37.

4.5.2 Biaxial compression

Biaxial Compression, All Edges Simply Supported: When all four edges are simply supported,
combinations of N, and N, that can sustain a buckle pattern of m sinusoidal half-waves in the x-
direction and n sinusoidal half-waves in the y-direction are defined exactly by the interaction
equation

2 2 2 2
1N, 1 Ve =(b/”j 2 2+(a/mj Dy (4.65)
n" 7°D, m” n°D, D, b/n) D,

In using Eq. 4.53, one must substitute different combinations of m and » until that combination is
found which minimizes N, for a given N,, N, for a given N,, or N, and N, simultaneously for a
given ratio between them. It can be shown (Libove, 1983) that these minima will occur with at
least one of the two integers equal to unity. Therefore, only the combinations m=1; n =1, 2, 3,...
and n=1; m=2, 3,... need to be tried. The condition
N b
7°D,

alm

<1 (4.66)



is sufficient to ensure that n = 1 will govern. In that case, with N, regarded as given, Wittrick
(1952) has shown that the N, required for buckling is defined by

1/2
2 N b’
Nzxg :2+(k—2){D1D€2 [1— - ]] (4.67)
T Ly 3 T L,

where £ is the function plotted as curve (a) in Fig. 4.37. The case of the infinitely long plate (a/b
= o0) is of interest as the limiting case of a very long plate. For that case it can be deduced from
Eq. 4.65 that if Nb*/n°D; < 2, the longitudinal compression N, is too small to sustain a
multilobed buckle pattern, and the plate will buckle in a cylindrical mode (i.e., as a wide plate-
column of length b) when Nybz/nzDz = 1. On the other hand, if N;b*D; > 2, the buckle pattern
will be sinusoidally lobed in the x-direction with a half-wave length-to-width ratio of

—1/4
N,b*
alm _1 Do)y 2 (4.68)
b D, n°D,

and the buckling will occur when N, and N, satisfy Eq. 4.67 with k set equal to 4. The interaction
curve of Fig. 4.38 summarizes the results just given for the case a/b = oo.
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Fig. 4.37 Buckling coefficients for orthotropic plates.
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Fig. 4.38 Interaction curve for orthotropic plates.

Compression in x-Direction Applied to Clamped Edges, Limited Compression in y-Direction
Applied to Simply Supported Edges: Referring to Fig. 4.34, and considering the case in which the
edges x = 0, a are clamped, the edges y = 0, b are simply supported, N, is absent, and N, satisfies
the inequality (Eq. 4.66). Then, with N, regarded as given, the value of N, required to cause
buckling is defined by Eq. 4.67 with k taken from curve (b) of Fig. 4.37 (Wittrick, 1952).

4.5.3 Shear

Shear, Various Boundary Conditions: Theoretical data for the shear flow N,, required to cause
buckling of rectangular orthotropic plates have been collected by Johns (1971). Three of his
graphs are reproduced in Fig. 4.39. They apply, respectively, to the boundary conditions of (@)
all edges simply supported; (b) edges y = 0 and y = b simply supported, the other two edges
clamped; and (c) all edges clamped. In Fig. 4.39, k stands for N _b*/z*D;"*D;".
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Fig. 4.39 Shear buckling coefficients for orthotropic plates. [Adapted from Johns (1971), printed with the
permission of Her Majesty's Stationery Office.]

To make use of the buckling data presented above, one must of course, know the values
of the elastic constants appearing in Eq. 4.61. These constants are best determined
experimentally, by tests such as those described by Libove and Batdorf (1948) and Becker and
Gerard (1963). If the plates are of a simple enough construction, the constants can also be
evaluated theoretically. For example, for a sheet of thickness 7 and shear modulus G orthogonally
stiffened by x-wise stiffeners of torsional stiffness C; spaced a distance b; apart, and y-wise
stiffeners of torsional stiffness C, spaced a distance a; apart, (El), may be taken as the flexural
stiffness of the composite beam consisting of one x-wise stiffener and its associated width b; of
sheet, divided by by, while (£]), is computed in an analogous manner using a y-wise stiffener and



its associated width a; of sheet. For such plates, v, and v, may usually be taken as zero with little
error, and then

Gt 1(cC C
D3 = 2(Gl)xy = ?+E(b_l+a_2J (469)
1 1

(The factor  in this formula is sometimes erroneously omitted.) Plates with integral wafflelike

stiffening may also be modified as orthotropic plates, provided that the ribbings are so oriented
as to create axes of elastic symmetry parallel to the plate edges; formulas for estimating the
elastic constants of such plates are derived by Dow et al. (1954). Corrugated-core sandwich
plates with the corrugations parallel to the x or y axis can similarly be treated as orthotropic
plates, and formulas for their elastic constants are developed by Libove and Hubka (1951);
however, for such sandwich plates, deflections due to transverse shear, neglected in the present
discussion, may sometimes be important. It is common practice to treat a corrugated plate also as
an orthotropic plate, and the appropriate elastic constants when the profile of the plate is
sinusoidal are discussed by Lau (1981). However, there are indications (Perel and Libove, 1978)
that modelling the corrugated plate as an orthotropic plate may lead to an underestimate of its
shear buckling strength.

The orthotropic plate model has an additional shortcoming when applied to stiffened
plates, namely its neglect of any coupling between in-plane forces and out-of-plane deflections.
That is, underlying Eq. 4.61 is the tacit assumption that there exists a reference plane in which
the forces N, N,, and Ny, can be applied without producing any curvatures or twist. In the case of
a sheet with identical stiffening on both sides, there does of course exist such a plane—it is the
middle surface of the sheet. If the stiffening is one-sided, however, it is usually not possible to
find a reference plane that will eliminate completely the coupling between in-plane forces and
out-of-plane deflections. It has been shown (Whitney and Leissa, 1969; Jones, 1975) that such
coupling, occurring in the context of composite laminated plates, can have a marked effect on the
buckling loads. Therefore, it is very likely that in metal plates with one-sided stiffening it can
also have a marked effect on the buckling loads. A thorough investigation of this effect, using an
appropriately generalized orthotropic plate theory, would be a worthwhile subject for future
research and some work has preceded in this direction (Mikami and Niwa 1996).

Finally, orthotropic plate theory is incapable of modeling local buckling, that is, buckling
in which the buckle wavelengths are of the same order as the stiffener spacings or the widths of
the plate elements of which the stiffeners are composed. Wittrick and Horsington (1984) have
developed more refined approaches that can account for local buckling and modes of buckling in
which local and overall deformations appear in conjunction. Their methods are applicable to
plates with unidirectional stiffening possessing certain boundary conditions and subjected to
combinations of shear and biaxial compression.



4.6 INTERACTION BETWEEN PLATE ELEMENTS

In the preceding sections, attention has been confined to the behavior of a single plate element
supported along one or both of its longitudinal edges with or without stiffeners. The structural
sections employed in practice (Fig. 4.1) are composed of plate elements arranged in a variety of
configurations. It is clear that the behavior of an assembly of plates would be governed by an
interaction between the plate components. In this section the mechanics of such an interaction
and its implication in design are discussed briefly.

4.6.1 Buckling Modes of a Plate Assembly

Unlike a single plate element supported along the unloaded edges, a plate assembly can buckle in
one of several possible modes. For the case of axial compression, the buckling mode can take
one of the following forms:

° Mode I/ local. This is the purely local buckling mode discussed earlier. The mode
involves out-of-plane deformation of the component plates with the junctions
remaining essentially straight, and it has a half-wavelength of the same order of
magnitude as the widths of the plate elements.

° Mode 11 / distortional. The buckling process may involve in-plane bending of one
or more of the constituent plates as well as out-of-plane bending of all the
elements, as in a purely local mode. Such a buckling mode is referred to as a
distortional buckling mode, stiffener buckling mode, local torsional mode, or
orthotropic mode, depending on the context. The associated wavelengths are
considerably greater than those of mode I (local buckling) but there is a half-
wavelength at which the critical stress is a minimum.

° Mode III / global. The plate structure may buckle as a column in flexural or
flexural-torsional mode with or without interaction of local buckling.

The three modes are illustrated for an [-beam in major axis bending in Fig. 4.40, based on
the finite strip analysis results of Hancock (1978). Finite strip analysis has become a popular
alternative to shell finite element analysis for this problem with several programs available for
this analysis (Papangelis and Hancock 1995; Schafer and Adany 2006). Another alternative
seeing significant recent attention is generalized beam theory (Silvestre and Camotim 2002).
Attention in this section is primarily on the mode I / local type of buckling. Global buckling
(mode III) and interaction between local and global modes of buckling, as well as mode II /
distortional type of buckling and its interaction with the other modes are treated in detail in
Chapter 13 and elsewhere in this guide.
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4.6.2 Local Buckling of a Plate Assembly

A prismatic plate structure is often viewed simply as consisting of stiffened and unstiffened plate
elements. The former are plate elements supported on both of their longitudinal edges by virtue
of their connection to adjacent elements, while the latter are those supported only along one of
their longitudinal edges. Thus, the critical local buckling stress of a plate assembly may be taken
as the smallest of the critical stresses of the plate elements, each treated as simply supported
along its junctions with other plates. This stress will be conservative because the element
providing the lower bound will be restrained by the more stable adjoining plate elements if
longitudinal edge joints provide effective continuity. More complete information on k-factors as
influenced by the interaction between plate components can be found in a number of classic
references (Bleich, 1952); (Stowell et al., 1952; Gerard and Becker, 1957/1958; Timoshenko and
Gere, 1961). However, such a calculation must be used with caution for the following reasons:

1. The results can be unduly conservative when the plate structure consists of
elements with widely varying slenderness. This is the result of neglecting the
rotational restraints at the functions.

2. The results are inapplicable unless it is ensured that all the plate elements buckle
locally (i.e., the junctions remain essentially straight). If, on the other hand, mode
IT or III type of buckling is critical, the result of such a simplified calculation
would be on the unsafe side.

The intervention of distortional, or stiffener buckling (mode II) may be averted in
practice by designing “out” the stiffener buckling mode by the provision of stiffeners (edge or
intermediate) of adequate rigidity. This may be advantageous because of the limited post-
buckling resistance associated with the mode II type of buckling. However, it is not always
practical or economical, designs where distortional buckling must be considered are discussed
further in Chapter 13.

Figure 4.18 gives the variations of the local buckling coefficients £, for a wide-flange I-
section, a box section and a Z- or channel section, respectively, with respect to the geometrical
properties of the member. Each of these charts is divided into two portions by a dashed line
running across it (Kroll et al., 1943). In each portion, buckling of one of the elements dominates
over the other, but the proportions exactly on the dashed line represent the case where the
buckling stress of the elements are equal. Additional charts and related information may be
found in the references such as the Japanese Handbook of Structural Stability (CRCJ, 1971). In
addition, free or low-cost computational tools (Papangelis and Hancock 1995; Schafer and
Adany 2006; Silvestre and Camotim 2002); are now readily available and able to provide
similar results.
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4.6.3 Post-buckling of a Plate Assembly

Interaction between the elements of a plate assembly is inescapable because of the equilibrium
and compatibility conditions that must be satisfied at the junction. In the case of local buckling it
is possible to simplify these conditions considerably, as has been shown by Benthem (1959). The
smallness of the in-plane displacements in comparison to the out-of-plane displacements makes
it possible to assume that normal displacements are zero for each plate element meeting at a
corner. Also, because of the smallness of the bending rigidity in comparison to the extensional
rigidity, it is possible to assume that the in-plane membrane meets another plate element at an
angle (Walker, 1964; Graves-Smith, 1968; Rhodes and Harvey, 1971; Tien and Wang, 1979).

In the post-buckling range in-plane displacements and membrane stresses dominate the
behavior of the buckled plates. The interactions between plate elements along the junctions
become very complex. The problem is compounded when interaction between global and local
buckling is considered, or when interaction between distortional and the other modes is
considered. Suffice to say post-buckling and strength of plate assemblies considering all possible
instabilities (modes I — III) remains a topic of considerable interest in research.

The earlier references on interaction of local and overall buckling in the post-buckling
range include those by Bijlaard and Fisher (1952), Cherry (1960), Graves-Smith (1969), Kloppel
et al. (1969), Sharp (1970), and Skaloud and Zornerova (1970). Research in this field has also
been carried out by Rhodes and Harvey (1976), Graves-Smith and Sridharan (1978, 1980),
Kalyanaraman (1978), Thomasson (1978), Little (1979), Rhodes and Loughlan (1980), Hancock
(1980, 1981), Sridharan and Graves-Smith (1981), Fukumoto and Kubo (1982), Sridharan (1982)
and Bradford and Hancock (1984). Using the concept of effective width, the problem has been
investigated by DeWolf et al. (1974), Wang and Pao, (1981), and Desmond et al. (1981a and b).

As design methods for local-overall buckling (modes I and III) mature, recent research
attentions has been focused on mode II: distortional buckling. Lau and Hancock (1987) provided
analytical formula for predicting elastic distortional buckling and later Hancock, Kwon et al.
(1994) provided empirical formulas for predicting the ultimate strength in distortional buckling
for a variety of different cold-formed steel cross-sections. Bradford (1992) has examined the
distortional mode in the context of hot-rolled steel I-beams, while Schafer and Pekdz (2002;
1999) examined local, distortional, and global buckling of cold-formed steel beams and columns
in developing the methods currently used in the AISI (2007) Specification. The application
aspect of this subject is discussed further for thin-walled members in Chapter 13.
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