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The Strength of Thin

The stability of thin plates has been investigated by
many -authors. However, in aeronautical structures,
thin metal sheets are often used beyond the stability
limits, and the load which can be carried by the structure
is determined by the ultimate strength in compression.
A recent series of experiments by the Bureau of Standards
showed the ultimate load to be independent of width and
length of the plate and approximately proportional to the
square of the thickness. In the present paper an approxi-
mate theoretical analysis of this problem is developed,
by which the “effective width’ and the ultimate strength
can be foundj The result of this analysis shows the
ultimate strength of a plate to be proportional to the
square roots of the modulus of elasticity and the yield
point of the material, and to the square of the thickness.

This result gives a good check with the experiments men-
tioned.

HE problem of stability of thin plates has been investigated
by many authors, S. Timoshenko having been especially
successful in obtaining simple results for most of the cases
which are of importance in engineering. However, in aeronauti-
cal structures, thin metal sheets are often used beyond the stabil-
ity limits, and the load which can be carried by the structure
is determined by the ultimate strength in compression. Re-
cently a series of interesting experiments has been made by the
Bureau of Standards, in cooperation with the Bureau of Aero-
nautics, Navy Department, for the purpose of determining the
strength of plates under “edge compression.” In these tests
the edges parallel to the load were supported and the load was
applied by rigid or nearly rigid beams perpendicular to the load.
The ultimate load was found to be independent of the width
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Plates in Compression

By THEODOR VON K&RM&N,‘ ERNEST E. SECHLER,? anp L. H. DONNELL,* PASADENA, CALIF.

and length of the plate, and approximately proportional to the
square of the thickness.

Denoting the ultimate load by P and the thickness by {, the
result of these experiments can be expressed approximately by
the simple formula

P = K¢?

where K is a constant depending on the physical properties of the
material. From the theoretical point of view the question occurs
how the physical characteristics of the material enter in the
constant K, which obviously has the dimension of a stress.
The following approximate analysis is a simple method of attack-
ing this question. o

Consider a thin sheet of length L and width b under a com~
pressive load P. To simplify the calculations, let it be assumed
that the entire load is carried by two strips of width w, one on
each side of the sheet, and that the loading is uniform across
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these strips (Fig. 1). Each strip carries the load P/2. Then if o
is the stress in the material,
P (1}
Consider now the plate to be simply supported on the sides,
so that the lateral deflection z along the sides is zero. For sim-
plicity assume that the deflection is such that horizontal tangents
at the inner edges of the two load-supporting strips are parallel
to the X-direction, Fig. 2(a). Then the center of the sheet can
be disregarded and the two strips can be handled as if they were
together.
The lateral deflection z of such a strip under compression is
given by the equation

Et? otz oz otz o2z
—— (2 —_— 4 == — =0...[2
12(1 — p2) (b:c‘ t2 oz oy? + by‘) ox? (2}



~ E’ and determme ‘the maximum of the product Elo.
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Equations (5] and (6] give us the relation between effective

width and the load carried by the plate. ‘The equations hold in
_ this form below the elastic limit. Beyond the elastic limit, it is

necessarv to replace E by the slope of the stress-strain curve
However,
it is ‘easy to see that this maximum value will not differ greatly
_from the product of the value of E below the elastic limit and the
yield point ¢,. Hence the maximum load that can be sustained
by the plate is:

In the experiments mentioned above, the average values of E
- and g, for the duralumin sheets tested were 10,500,000 lb. per
sq. in. and 41,000 lb. per sq. in., respectively. Using these
values and u = 0.25 in (7],

Py = 1.23 X 10%?

J. 8. Newell* gives, as an empirical formula based on these
experiments, the value of the maximum load for duralumin as

4 “The Strength of Aluminum Alloy Sheets,” Atrway Age, Novem-
ber, 1930.
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the ultmmte eompressive load ona sheet
txons—such asa sheet clamped alon the sid

ficial eondmons, and hence it is not to be expected that hhe
of C given above is exactly correct even for the case of
supported sides. The purpose of the derivation was to
that the ultimate load was proportional to V/ Eo,? an
intended to obtain the correct value of C, for any gi
“conditions, from experlmental evidence.

It is interesting, however, to compare the value of C fo i
experiments with the values calculated for certain ext
assumptions.

If a perfectly rectangular flat sheet is freely supported
the sides and compressed between rigid flat plates at the
the compressive stress will obviously be uniformly distribut
As the end plates are brought together, this compressive
will increase, and when it reaches a certain critical val
lateral buckling deflections will occur all across the sheet, e
at the edges, which are constrained from lateral movement.
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) ing begins, it can be assumed that the compressive The Bureau of Standards experimentss previously mentioned
o “uc‘d”m,mrmlv distributed across the sheet. This is the were made on sheets of four materials of widely different physi-
o :-1:1 of buckling; there is no reason to suppose any- cal properties: duralumin, stainless steel, monel metal, and
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issdrs.to the ¢ . R (\ hat D;. von Kdrmén has investigated is what takes  the same thickness), all widths giving nearly the same results.

1€ Tt is a.ssm::i ¢ e (‘mm:h‘.;‘mi plates are brought still further together.f Itis  Table 1 shows the average ultimate load found for each average
! oo when

rom general experience with buckling that, in the middle  thickness, and also values of E and oy computed from the stress-
N u‘ ";'I ;wvt the compressive stresses will remain substan- strain curve given in the report for each thickness (or the nearest
) " ant as ‘( he buckling deflections increase. On the other _, thickness). The vield point o, was taken as the stress for Ny
”Mi”: very edges buckling is prevented by the lateralﬁ the stress-strain slope is one-third the original elastic slope, as
at t)xlmm “the stress there must increase according to  suggested in the report. In the last column of the tabis th
;z:;::! ‘.' l:w until it reaches the yield point of the material oy; Pu.

. values of ¢ = —==— (from Equation [8]) are calc lated.
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¢ will be realized at about this time. | At points near the e(,iﬁ‘:s These values are also shown plotted against the thickness in Fig. 4.
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) well di “he stress will be somewhere between th - L
t:i); ;Ie " d : mrl:m““ of stress along the sheet will now be something like TABLE 1 TESTS MADE ON SHEETS OF VARIOUS MATERI:LS
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cutirly. This reduces the problem to that of the buckling of ' f Equatlo.n [8_] 18 correct the_se values of C should all be the
“wo <tripx of unknown width w under a stress distribution some-  S2Me- Conmfienng the uncertainties of such tests and the fact
fuuk ke that shown in Fig. 3(b). To facilitate calculations Dr.  that the physical properties varied very widely even for the same

imentally in the

X o drmia makes a further simplification by assuming that the ~Material and the indefiniteness of the yield point, the values of ¢
3 *rpe are under uniform stress oy, as in Fig. 3(c). This does not  °Ptained show remarkable constancy. also notable that
irmén for the ulf “feet the final result as much as might be thought, because the there seems to be no systematic differencs between the different

supported at the .ith,

“ix till to be solved for, and with the assumption of uni- Materials, the average values for duralumin and stainless steel,
o ditribution we will get a smaller value for w than we would [T instance, being very nearly the same, in spite of the great

Toyt ... .. =4 the distribution of Fig. 3(b); consequently the total force difference in physical propert’ies. This is convincing evidence of

=il be more nearly the same in the two cases. the correctness of Dr. von Kérmén's conclusions that the effect
lity problems in We can now ealeulate w by exactly the same methods that are  of the physical properties of the material is measured by \/Eo,
heet with other ‘ 1 =i i the clussical theory to caleulate the buckling stress; in  (neglecting the slight influence of Poisson’s ratio). There samms
the sides or the p fat case the stress is

unknown, but the width is known, while to be a slight systematic decrease in the value of C with the

ressed by the same B 7 the stress is known and the width is unknown. To make thickness. However, this might easily be explained by the fact 2
constant C. Inm s F s caleulation it js necessary to find or assume the shape of the that the flexibility of the testing jig used in the experiments would
ty, assumed somewhalsiie S ek led surface. In the derivation given in the main part of the  Play a more important part when testing the thicker, and there- *
1 be expected that STt is assumed that buckled cross-sections of the sheet are as  fore stiffer, sheets.

wen for the case of e Fig. 2(a), so that if the two effective portions are joined The average value of C for smaller thicknesses is about 3/2.

e derivation was " torm half asipe wave. With this assumption ¢ = It is hoped soon to make a similar experimental determination
mal to V/ Eayt e of the value of C for the more important case, in practice, of

s of C, for any gi & N da gy S 190 for ko= 0.3, ' portions of a plate between stiffeners.

Another and perha . . Derivation of Equation 9: If it be assumed that cross-sections

» bs more likely assumption would be that : : ; ; i

":x! 1;11 “mx*-sectlons. are as shown in Fig. 2(b) such that the ;))i theet:lﬁ'::tlve strip remain straight, the lateral deflection ecan
H0ns w ean be considered straight. It is shown later that with

“ umption the ultimate load is found to be approximately z = zz sin Y
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— S0 one would expect to find experimental the load during buckling is theref
Lo of D e load during buckling is therefore
*1 (" somewhere between 1.00 and 1.24, TN.A.C.A. Report No. 356.
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TABLE 2
Iypeofstiffieer. ., .. .- a a a a b c d
Bwmberofstifteners, ... . | 00 4 2 2 3 2
Distance between lines of rivets,in....... . ... . 11.25 5.625 3.75 11.25 10.25 + 2 at 0.875 3.5 11.0
Sheet thickness. .. ... 0.019 0.032 0.052 0.019 0.032 0.031 0.020
Length of specimen, i 12 12 12 6 12 12 12
Allowable stress on she 1900 5800 13,400 1900 3250 20000 6000 1850 :
Allowable load on sheet . . i 434 2230 8280 434 1070 4 1120 2235 445
Dosdonstifteners.. .. .. . = i 2600 3900 5200 3100 4700 2790 3400 ’
Predicted maximum load 3034 6130 13,480 3534 6890 5025 3845
Observed maximum load 2960 6100 13,200 3300 6500 5240 3800

@ Stress on section between rivets attaching sheet to stiffener estimated from Bureau of Standards data on Flat Sheet.

L (3 s
1/ 0z
T = tde -~ | —
. ﬂﬁ ’ 2(61;) o

The internal energy of hending and torsion in the strip after
buckling is

’ Ep - o2z \’ Loz )\

oz \° 9%z 02z
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{ v (bzay) o oy? -

Substituting [10] in these equations and setting V, = 1,
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Fia. 4 VaLues or C PLOTTED AGAINST THICKNESS ¢

To make ¢/E a minimum, » should evidently have its minimum
possible value, namely, unity. The first term in the brackets,
x*w?/L? can then be neglected in comparison with the second
term if w is small compared to L. giving

a 1 it

- 2—(—1-»_::)-—"-}-: ................. [11]

_point of view.

Equation [9] can then be obtained from [11] in the same manne}
that [7] was obtained from [4] in the body of the paper.

Discussion

Josepn 8. NEweLL.® This paper is a timely and interesting
contribution to the problem of all-metal airplane construction
which is 80 vexing to designers at present. Equation [5] furnishes
a rational means for determining the effective width of sheet
which functions with the stiffener on a stiffened thin plate and
will provide the numerous investigators who are cooperating on
this problem a standard method for analyzing their data from this

It is, however, suggested that another assumption b considered
by investigators of this problem of the stiffened thin plate in
compression. The assumption is that the load which the combi-
nation of sheet and stiffener will carry is equal to the load which the
sheet alone will take plus the load which the stiffener alone will
take. To determine the load on the sheet one may use the data
obtained by the Bureau of Standards’ to determine the stress at
maximum load on a sheet whose width is equal to the clear dis-
tance between rows of rivets connecting the sheet to the stiffeners.
~ This method of attacking the problem obviates the assumption
that the stress in the sheet and in the stiffener are equal when
maximum load is approached. In view of the fact that the
effective EI of an assembly of sheet and stiffener, when tested as
a beam, is not equal to but is normally appreciably less than the
product of the modulus of elasticity of the material times the
moment of inertia of the cross-section of the combined section, it
would appear difficult to justify any assumption based on the
homogeneity of the composite section. Furthermore, thin sheets’
normally wrinkle between the rivets attaching them to a stiffener
as the load approaches the maximum that the combination will
take. Under such conditions the strains of sheet and stiffener are
obviously unequal; hence an assumption of equality of stress is
hardly justifiable. The assumption of “effective widths” has long
been employed in naval architecture and mechanical engineering.
It may be the solution to this problem, but in view of the results
shown in Table 2 the proposed scheme of taking the strength of
the composite section equal to the sum of its parts appears to be
worthy of further consideration.

Fig. 5 shows four types of stiffeners used on flat aluminum-alloy
sheets for which more or less data are available. All of the tests
have been on panels 12 in. wide. Most of them have been 12 in.
long, but there are a few at 6 in. The data in Table 2 are a few
taken from the results of investigations made at the Massachu-
setts Institute of Technology. Attention is invited to the agree-
ment between ‘‘Predicted” and “Observed” values where the
sheet carries about 12 per cent of the load on the combination, as
well as where it carries nearly 75 per cent of the load. The agree-
ment is too close to be the result of mere coincidence, hence ap-
pears worthy of the closest investigation. .

The scheme in Table 2 is readily applicable for use in design, if
later investigations justify its use at all, since one may determine

¢ Associate Professor of Aeronautical Structural Engineering,
Massachusetts Institute of Technology, Cambridge, Mass. .
” N.A.C.A. report No. 356. -
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the strength of a stiffener by test or analysis, add to it the load
carried by a sheet of width equal to the distance between attach-
ments of sheet to stiffener, and so obtain the strength of the com-
bination. This strength, or total load, may be divided by the
total area to obtain an ‘“‘average’” or “apparent” stress for the
combination which may be used in analyzing the composite
section.

Determining the maximum load to be taken by a stiffener in-
volves the question of end conditions. Tests to date have been
made on flat-ended sections as it has been felt advisable to ob-
tain some working data which engineers having judgment could
utilize. They are more in the nature of “guessing points” to be
tempered by good judgment than exact scientific data. To obtain
the latter means the use of knife edges or similar devices to get a
true, pin-ended condition on the combination of sheet and stif-
fener. Sinceit is impossible to determine the effective centroid of
the composite cross-section analytically, due to non-homogeneity
of riveted assemblies, the determination of the axis of loading in-
volves a trial and error method in the testing machine. This is
practicable, but slow. Eventually it may be necessary to carry
out investigations in which such a method will be used, if it proves
difficult to obtain a correlating coefficient between the flat end con-
ditions of these tests and the conditions obtained during static
tests of actual airplanes, but the demand at present is for a set of
approximate values obtained from tests to serve as values which a
designer may modify to suit his problem.

Such values are admittedly temporary, and further investi-
gations over a greater range of specimens may necessitate revising
them completely. The present demand is for data with the
limitations of the tests carefully stated in each case. Next comes
the correlation of the data and the development of rational or

APPLIED MECHANICS
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empirical methods for predicting strengths of thin plates such as
are used in aircraft. The present paper covers a possible method
which is worthy of careful consideration, and the authors are to be
congratulated on the clarity as well as the timeliness of their
presentation.

AvuTtHORS’ CLOSURE 8

In answering Professor Newell’s interesting discussion of the
stiffened-sheet problem, it could be pointed out that rivet con-
nections between sheet and stiffener may function quite differ-
ently when the sheet is tested in bending and in compression,
and that if the rivets are not spaced closely enough to prevent
wrinkling when testing in compression, then no simple theory can
apply. However, this does not answer the arguments com-
pletely, and it is felt that there is not at present enough experi-
mental data to decide what theory will fit most closely the condi-
tions found in practice.

The objection to the experiments mentioned by Professor
Newell was that flat-ended columns seem to lie somewhere be-
tween columns with perfect end fixity and pin-ended columns;
this is also indicated by the results given for compression of the
stiffeners alone.  As fixed-end columns are supposed to have four
times the resistance of corresponding pin-ended ones, it would
seem that the effect of the sheet in increasing the width of the
end, and hence the degree of end fixity, might be quite large com-
pared to the effect which it is wished to measure. It may be
possible to eliminate this factor more easily than by the method
mentioned in the discussion, by arranging for a high degree of end
ﬁxity which will not be influenced by the presence of the sheet.

"3 1In the absence in Europe of Dr. von K4rm4n, this was written
by L. H. Donnell.
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