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Abstract

Under load thiawalled members potentially have cross section instability (i.e., local
andor distortional) in addition to global instability (Euler buckling) of the member. To
assesshie stability of thiawalled members requires ahced toolssuch asthe finite
strip (FSM) an¢br finite element methods (FEMHowever commonly available FSM
solutions are only applicable to simply supported ends, while FEM analysis, using plate
or shell elements for both elastic buckling and nowmlinellapse analyses, is limited by
the subjective and laborious nature required in identifying the characteristic local,
distortional, and global buckling modes.

In this thesisnew FSM implementation is developed to account for general end
boundary condions: pinpin, fixedfixed, fixedpin, fixedfree, and fixeejuided and
these solutions are used to extend the constr&imae Strip Method ¢FSM). The full
derivation for a FSM stability solution that applies to general end boundary conditions is
provided. Verification problems are provided against eigenbuckling shell finite element
analysis solutions implemented in ABAQUS. Particular attention is paid to the number of
longitudinal terms required, spring modelling, and the possibility of an elemsat
FSM. In addition, the existing=SM solutions for pifpin boundary conditions are recast
into the new generalized notation for general end boundary conditions. Formulation of
the constraint matrices that form the basis for modal decomposition andicdgiotif in
cFSM is provided with full derivation. Orthogonalization and normalization obtses
are discussed in detaRecommendations are provided regarding the choice of basis and

normalization.



To address issues in shell FEM solutions for lindaste buckling analysis, an
automatic mode identification method is proposed which uses a special system of modal
base functions, referred to #% cFSM base functionsAfter extrapolating thecFSM
base functiondo the FEM context, a sizeable minimizati problem iscompletedfor
assigning the contributions to the fundamental buckling deformation clddsel
identification results of FEM solutions are validated against FSM solutions. A set of
generalizedcFSM base functiongreproposed to handle aind boundary cases, such as
mixed boundary conditions and sengid boundary conditionsMoreover, modal
identification for collapse analysis of thimalled members modelled using material and
geometric nonlinear shell finite element analysis is studldst method enables the
guantification of failure modes and tracks the evolution of the buckling classes up to and
through collapse.

For design purposeapplication ofcFSM and modal identification with the Direct
Strength Method is proposed. Conclusiond a&ecommendations for future research are

provided.
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Chapter 1 Introduc tion

1.1  Cold-formed steel members

As one of the two primary constructional steel types, -tmiched steels widely
used as secondary loadrrying membexin tall buildings such as roof and floor decks,
steel joists, wall panels, window frame and entrastractures, etc[l] or evenas
primary loadcarrying members in lowise and modest midrisbuildings. Cold-formed
steel members are usuatiyeated by the working of sheet steel usiragrmgting, rolling,
or presses to deform the sheet into a usable pr¢duds the namendicates different
from the oher steel constructiomaterial- hotrolled steel, the manufacturing of celd
formed steel products occurs at room temperaiftre.materials plastially deformed to
shape, thus tdrengthhrcteasadong With sesidyal strésses and strains,
while ductility decreasemodestly[3].

One of thedistinct characteristicsf cold-formed steels the variety of cross section
shapesDue to he relatively easy method of manufacturing, the cross sectionecan b
formed into any desired shape accommodate the demands of optimized design in
structural applicationfor economical purposesFigure 1-1 shows an assembly ofold-
formed steelcross sectiorshapesused in practice.Some typicdly used cross section
shapes are shown kgurel-2.

Cold-formed steelalso offers many other advantages including lightngsgh

strength and stiffnesgase of prefabrication and mass production, uniform quédisy,
1



and easy installation, and economy in transportation and handlmegefore, old-
formed steemembers have been widely used in buildings, bridges, storage geaik
bins car bodies, railway coaches, highway products, transmission towers, transmission

poles,drainagdacilities, various types of equipment and otHj8ts

RO

e\ \ <

Figurel-1 A variety ofcold-formed steel cross sectiof®

Cold-formed steelhas taken upom significant market sharamong construction
materials becausef its advantages and the industwide support provided by various
organizations that promote celldrmed steel research and products, including codes and

standards development thatsigpervisedy the American Iron and Steel Institute (AISI)

[4].
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Figurel-2 Commony usel cold-formed steel shap¢3]
1.2  Numerical modeling of elastic buckling analysis

Due tothe high slenderness ratio of each wdiial componentomprisinga thin-
walled membey it is common that these thin members buckla stress level less than
the yield point if they are subjected to loading cases that may generate compression stress
in the cross sectiom.hus, buckihg phenonena are paid speciattentionto in the design
of thin-walled structures.

Current design specificatiois.g., for coldformed steel]4-6] all tacKe the strength
predictionin member desigrirom the investigation of the elastic bucklitgsed on
rational analyses (numerical or analyticahen employ empirical equations based on
experimental data to piect the design strength of the member. The prediction of the
elastic buckling plays a central role in the design procedure. In particulapdorcross

sectioncold-formed steel member(e.g., C, Z, hat, et¢.usually, three basic classefs
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buckling may be encounteredbcal (plate), distortional, and global (Euler) buckling. As
reflected in current design specifications, each buckling mode is treated individually
because of their significantly different pdmickling behaviorfurther some modes are
considered interactively since they may be coupled with one another.

Many analysis methods for elastic buckling prediction are also available, such as the
Finite Element Method (FEM)Finite Strip Method (FSM), constrained Finite Strip
Method €FSM), Generéized Beam Theory (GBT), ananalyticalsolutions.Analytical
solutions based on simplified models, e.g., for distortional bucklifgl0], are
inherently limitel in their applicability and so can never provide the general methodology

sought hereThus, he focus of this researthon theaforementionedhumerical methods.

1.2.1 Finite Strip Method

The idea behind the finite strip methodasreduce th@umber ofpartial differential
eguationghat must be solvedhen modelingThe reduction is achieved by assuming the
separation of variable approach can be applied in expressing the interpolation functions
of the unknowrdisplacemenf11]. More specifically, instead of discretizing the member
in the longitudinal direction, FSM uses specially selected shape fumttionterpolate
the longitudinal field while common polynomial shapeseastill used forthe transverse
field, as is commonn FEM. Therefore, a thiwalled crosssection is discretized into a
series of longitudinal strips (or elements) opposite to finite element discretjzagien
Figurel-3. Some obvious limitations of FSM are that the cross section has to be uniform
along the length and depending on the formulation the application is only suitable to

prismatic cross sections.



(a) FBM mesh (b) FSM mesh
Figurel-3 Typical FEM versus FSM medior thin-walledlipped channel

Since the longitudinal field is interpolated by longdital shape functions, the
choice of suitable interpolation funct®for a stripplay a key role irthe application of
FSM. Thee are several options available as interpolation funsti@peneént on the
boundary conditions as Wes the nature of the problem. For instarfaactions sought
from the vibration eigenfunctionare commonly used, which is a comdtion of
continuously differentiabléarmonic and hyperbolical seriggt are chosen to satisfy the
end boundary conditions of the strifonsequently, the stiffness matrices can be
formulated explicitly without numerical integratioandthe FSM is ofen referred tas
the semianalytical finite strip methodsimilarly, employingonly trigonometric functions
(e.q.,[12]) satisfying the boundary conditions a pri@ proven to be effective as well.
Other shape functiorsuch asuckling eigenfunctions from the mode shape, exponential
functions, and dcaying power seriefll] are all valid choices. In addition, spline
functions[13] and computed shape functidigl] have further increased the flexilbyliin
the choice of interpolation functions especially in dealing withtirggpan or column
supported structuresOnce the displacement field has been fully defined, the traditional
formulation of the stiffness matrices (elastic and geometric stiffnesspe performed

based on theelectedlate theoy (Kirchhoff or Mindlin).
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The semianalytical finite strip method was originally developed by Cheung for the
stress analysis o& plate in bending[15]. Cheung further dended the method by
including the membrane deformai in addition to the plate bendifd6]. Later, the
semtanalytical FSM has been applied by many researchersbtatian and stability
analysisin many structural applicatiorssich ashell structure§l7, 18], bridges[16, 19,

20], andtall building[21-23].

In stability analysis for examining instabilities in a thiwalled member under
longitudinal stress (axial, bending, and/or warping torsith® semiaralytical FSM has
been widely used. In particular, the application to members with simply supported ends
results in an efficient solution and the T
terms of buckling hafivavelength vs. buckling loaals shownn Figure1-4 for example

as popularized by Hancod¢k4] and implemented in the open source program CUFSM

[25].
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Minima in the signature cury@s shown irFigure 1-4, indicate the lowest critical
load at which a particular buckling mode occurs, and also theMaaklength at which
that mode will repeat with any physical member length. Traditionally, thest
minimum is local bucklingthe second distortional bucklinggnd global buckling is
identified in the descending branch of the curve at a longemiaalélength equal to the
global unbraced length tfhe member.

Therefore, even thougthe finite element method has dominated computational
structural analysighefinite strip method continweto have itsole due to its own merits

such as eassf modelng and computational efficiency.

1.2.2 Constrained Finite Strip Method

The constrained FSMcESM) was originally derived from the semmalytical FSM
by Addy and Schafef{25-28]. The key feature oFSM is that basedrnomechanical
criteria[26, 28], the general displacement fialdor buckling modef) may be separated
into G, D, L,and STO subspaces corresponding to tBebal, Distortional, Local and
Shear andTransverse extensioor Othersdeformation modesMathematically, any
general displacement field may be written as:

d =R,d, (1-1)
whereRy is the constraint matrix for the selected modal space(siimsl the resulting
deformations within that space. Note, the subsdfipefers to the modal spacg,(D, L,
STO or any combinatin thereof).Ry is obtained through exploiting the mechanical

criteria of G, D, L,andST/Q



There are two primary capabilities oFSM: (1) modal decompositionstability
solutions can be forced into selected deformation modes, e.g. focusing only on
distortional buckling; and (2jnodal identification general stability solutions from FSM
can be classified into several fundamental modal bases, e.g. identifying the contribution

of local and distortional bucklinfpr a selected FSM solution

1.2.3 GeneralizedBeam Theory

GeneralizedBeam Theory GBT) is an extension otlassicalbeam theory that
enriches the displacement degrees of freedom enablingsgossn distortion and local
plate bendingThe development of the theory has been pioneered by ProfessdraRdiSc
and his colleagues at the University of Darmstadt in Germaey greatly extended to
linear elastic[29] and secondrder analysis including crosection distortion to
application of buckling problems and general seeoitr problem$30] by Daves, et.al.
Later, Silvestre and Qaotim extended GBT to arb#ry orthotropic materialg31, 32
and formalized the methd@3] to a wide number of applicatiofi84-37]. The method
has been implemented in a ugendly code GBTUL[35].

The applicabn of GBT stems from its crosgectional analysis as given [i81, 32]
and this leads tdhe definition of several crossection deformation modes: axial
extension, major/minor axis bending, torabrdistortiona) and localplate modesWith
the crosssection deformation modes in place, the modal selectiorthirnexistep
member analysis is possible similar to the selection of modal . ddaeqg. 1-1). Then,
the solution of the buckling problem involves solving a coupled system of eigenvalues
based on the GBT equilibrium equations. This can be performedoimisthods: 1an

analytical methodhat, similar to FSM, uss trigonometric function to represent the
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longitudinal field;or 2) an FEM-based method that discretizes the member into elements
along the length. Currently, application thie analytical methods limited to simply
supported boundary condition&fter solving the eigenvalue problem, the critical loads
and buckling modes can be investigated. Modal participation of includedsaossn
deformation modes can be identified as well.

It is worth nothg herethat although GBT and cFSM begin from different
backgrounds, the two methods use similar mechanical definitions for the three basic
buckling mode classeg&rosssection deformation modesje. local, distortional, and

global, and thus lead to vesymilar solutiong3§].

1.2.4 Finite ElementMethod

With the advances computational resources, shell findeementanalysis has been
increasingly used in the stability analysis of thialled structuresThe ability to handle
arbitrary boundary conditions, explicitly consider moment gradient, appropriately take
accountof shear effed and handle memb&with varying cross sections along the
length(like holeg make the use of FEM exclusively attractive.

Usually, there are two steps to perfamgan elastic buckling analysis with the
geometry, material property, boumgaconditions, and reference loading defined in the
FEM model. First, a linear perturbation static analysis is solved to find the stress
distribution in the model based on the reference loading. Second, with the stress
distribution the geometric stiffnessatrix can be formulated anlde stability equilibrium

eguation can be obtained as:

(x]- 7lk,].,. =0 (1-2)



where, [K] is the elastic stiffness matrix, andyJK s the geometric stiffness matrix at
the reference loading statéigenvaluees i s t he <critical bwsc kK1 i ng
the associated buckling mode.
FEM is notoften usedby designebecause of the overhead in initiating the model
and thefact that it cannot uniquely identify the buckling mod@sese drawbacks are the

primary reason fothe popularity oFSM in this field.

1.3 Design methods

In current coldformed steel design specifications, e.g., in North America, two basic
design methodof coldformed steel members are available: the Effective Width Method
and the Direct Strength Method (DSM). The Effective Width Method performs a
reduction of the plates that comprise a cesgtion based on the stability of the
individual plates, whileDSM performs a similar reduction, but based on the full eross
section stability; in either local, distortional, and/or global buckling modes. In essence the
essential difference is the replacement of plate stability with member stability that

includes pla¢ buckling.

1.3.1 Effective Width Method
Normally, fora stiffened platé |, I . wich,is restramedlongboththe loaded
and unloaded sidegloes not collapse when the buckling stress is reachestead
additional load can still be carried by the plateerabucklingby means otransverse
stresessThi s phenomenon is termed Apostbuckling
For thefistiffened platé, the stress distribution in the longitudinal direction i$ no

uniform due to the reduced rigidity in the center of the plate ascitlimg (deforms) out

10



of-plane The maximum stress will increase over the buckling strpss the yield stress
at thesupportedsides, then the plate failsThe load can be assumed to be cartgda
fictitious width, which is subjected to a uniformly glibuted stressqfx which is the
edge stressand assumedequals tothe yield stressat maximum capacity. This ithe
effective width concept, firghtroduced by von Karman et §B9] and later modified by
Winter [40]. This has become the key the design of colfiormed steel members from
the first AISI specification in 1946 to the latest 2007 NAS specification.

For complex cross sections, the effective width should be determined for each
compression portion and the strength of the sectionbearalculated based on the
effective cross section.

However, from a theoretical point of view, this is a largely simplified method. First,
it focuses on the membrane and neglects the bending. Second, it does not take into
consideration of the variation alg the length associated with the buckling shape and
also the variation in the thickness. Third, due to the imperfectierstress distribution is

not uniform even before the buckling occurs.

1.3.2 Direct strength method

Although the Hfective Width Method ha been adopted in many sffeations
worldwide and proveto be reliable, there are two major drawbacks that make it highly
undesirable. Onethe Effective Width Methodreats the elements of the whole cross
section independently, so the interaction betwelements has been totally ignorédo,
when the section becomenore complex or optimized with additional edgadbr
immediate stiffeners, the computation tbe Effective Width Method becomemduly

complicated and timeonsuming.
11



Therefore, a new d&&gn methodi Direct Strength Method (DSM) has been
proposed by Schafer arfeké [41, 42] to overcome thes problemsand adopted in
specification[4]. The new method avadthe calculation of effective width and uses
strength curves instead. The elastic buckling loads are obtained based on the entire
member, for instance from FSM solutgnstead of individual elemeripdates DSM is
based on the same empirical assumpéisthe effective width methogdthat the nominal
strength is afunction of elastic buckling lahand yield stress of the material. The
equations of DSM were calibratagainsta large amount of experimental déamilar to
the Effective Width Method, irect many of the same experiments were employed)

Specifically, according to DSM, if all the elastic instabilities for the gross section, i.e.
local, distortional, and global buckling loads (or moments), have been determined and
also the squash load (or lemoment) that causes the cr@estion to yield, then the
strength can be directly determined by predicting the load (or moment) capacities
separately for GlobalQ@), Local L), and Distortional (D) buckling. The relevant DSM
formulae in the specificatio[8] are recalled here in condensed form.

The nominal axial strengtl®,, is the minimum of the individual predicted capacities:

P, =min(F.., Ry, B (1-3)

ne’

where, the nominal axial strengthB,. for global buckling (flexural, torsional, or

torsionaitflexural buckling),P,.for local buckling, andP.q for distortional buckling are:

F(0658/c)3 if /.¢15

5 (1-4)
f08772)R, it /.>15
p =8 if /,¢0.776 @5)
M- 0asp,./P,) 04)(PW/P if /,¢0.776

12



8 if /,¢0561
|
1

=3 1-
Fra=lfy. 025(F>C,(,/F>°6 P./P)°P if /,>0561 (1-6)

where,/. =/R, /P, /, =R/ Py, /4 =R /Py, B, =AF, Pce minimum of the

cr
critical elastic column buckling load in flexural, torsional, or torsidtedural buckling,
P, critical elastic local column buckling loaBq, critical elastic distortional column

buckling load A, the gross area of the cressction, andry, the yield stress.
The nominal bending strength,, is the minimum of the individual capacities:
Mn = mln(M ne’ Mn?’ Ivlnd) (1'7)

where, the nominal bending strength, for global buckling (lateratorsional buckling),

M, for local buckling, andM 4 for distortional buckling are:

3 M, i M, <0.56M,
M —!10M§ﬂ: aIOM, B 278M.2 M2 0.56M (1-8)
"0 G GBM e e T
i M, i M, >2.78M,
- M, it /,¢0.776 19
= H1- 0.15(Mc,,,/|\/|ne)°"‘3(|v|cr?/|\/|ne)°"‘|\/|ne if /,>0.776
g M, if /,¢0672
(1-10)

Mag :'Iéﬁi 0.22(M,, /M, Y BM,., 1M, )" M, i 7, >0672

where, /, =M /M

ne

ly=yM, /My, M, =SF,, Mce critical elastic lateral

cr? v
torsional buckling momentM,, critical elastic local buckling momenk/.q, critical

elastic distortional buckling moment, aBd the gross section modulus referenced to the

extreme fiber in the first yield.
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Essentially, the use of column curves for global buckling is extendest#éb &nd
distortional buckling instabilities with appropriate consideration of-paskling reserve
and interaction in these modp&?]. In particular, interaction between local and global

buckling is included explicitly as shown in Eq$-Q) and (-10).

1.4  Motivation

Design of coldformed steel members requireareful examination of the elastic
buckling loads for all the three buckling modes, global, local and distortional, that are
commorty categorized. Current design specification, e.g. the Direct Strength Method
43], aim to predict the ultimate strength response to each mode as well as take into
consideration the interaction of the modes. Therefore, finding the dbastiting of a
member under any loading and boundary condition, as input parameters for the Direct
Strength Method, is a key step tawds the final prediction of the ultimate strength.

To assesshe stability of thinwalled membersequiresadvanced toslto overcome
the limitations in current numerical todsch a=SMand FEM. In particular, commonly
available FSM solutions are onlyp@licable to simply supported endshie FEM
analysis using plate or shell elements is limited by the subjective and laborious nature
required in identifying the characteristic local, distortional, and global buckling modes.

Moreover,the development adhe design equations for member design, in particular
DSM, is based on the appropriate itigcation of the failure modes, e.cas shown in
Figure 1-5. Determination of the failure modes is complicated by paikridilure
mechanisms of material yielding, local buckling, distortional buckling, global buckling,

and combinatiosthereof.To date failure mode identification is investigated based on
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subjective, and largely visual, engineering observatiBmen for umerical simulations

by nonlinearFEM analysissince FEM itself provides no means of modal identification,
failure modes are also judged by visah&racterizationlt is important to recognize that

the underl ying mechani s nessaoyffor futlreespecifecatione r 6 s
development. Extensive nonlinear analysis incorporating geometric and material
imperfections will be needed. A quantification method, similar to the strength prediction

in the specification, is highly desirable to simplifige canplicated behaviodown to the

fundamental buckling classes.

(a) Channel with sheathing (b) Zed with sheathing

Figurel-5 Failure modes in the test (Courtesy of Yu and ScHaf@)

The first step of this study is tdevelop a newrSM to accountfor generalend
boundary conditions: pipin, fixedfixed, fixed-pin, fixedfree, and fixeeguided and use
these solutions to extend tkESM. The trigonometric longitudinal shape functions in
[12] have been choserver the spline shape functions fovo reasons. First, the well
known signature curve is based dme ttrigonometric shape function (for simply
supported boundary conditions}econd, halivavelength information of the buckling

mode may still be easily evaluated with the trigonometric longitudinal shape functions.
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The full derivation for aFSM stability solution that applies to general end boundary
conditions is provided. The elastic and geometric stiffness matrices are provided in a
general form with only specific integrals remaining boundary condition depenident.

new FSM has been implementad a cusom version of the finite strip program CUFSM

as part of this thesis. erification problems are provided against eigenbuckling shell
finite element analysis solutions implemented in ABAQUSetailed theoretical
background of modelling the springs in theweSM solutionis also providedParticular
attentionhas beeaid to the number of longitudinal termegjuired in the analysis

In addition, the developed solution provides a means to extend the constrained FSM,
or cFSM, to the case of genemhdboundary conditions. The existingcSM solutions
for pin-pin boundary conditions are recast into the new generalized notation; specifically
the constraint matrices for th@lobal, Distortional, Local, andOther (G, D, L, ST/Q
deformation spaces are written the generalized notationOrthogonalization and
normalzation are discussed in detailRecommendations are provided regarding the
choice of basis and normalization. Full implementatiock8M is enabled i custom
version of CUFSM (CUFSM v4)

To addres thelimits in modal identificationin shell FEM solutions for linear elastic
buckling analysis, an automatic mode identification method has been proposed which
uses a special system of modal base functions, referredcteSds base functionsthe
modal dentification method is enabled by creating a series of base functions within the
fundamental buckling deformation classes that can then be compared to the general finite
element displacements. The base functions are constructed using the constramed finit

strip method ¢FSM) for general end boundary conditions. A fairly sizeable minimization
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problem is required for assigning the contributions to the fundamental buckling
deformation classe$lodal identification results of FEM solutions are validaiodthe
applicabilityto arbitrary boundary conditions and members with perforagoptored

Moreover,the modal identificationis extendedo collapse analysis of thwalled
memberanodelledusing material and geometric nonlinear shell finite elementsisal
The method is abléo (a) quantitatively associate failures with particular classes, e.g.
state a model is a local failure, and (b) track the evolution of the classes, e.g., mixed local
and distortional buckling leads to a distortional failure invargymodel.

A conjugategoal of this study is to provide tools for elastic buckling analysis to aid
the design procedur&or this purpose, application dhe FSMand modal identification
with the Drect Strength Method arediscussedAs an ultimate goabf this work it is
proposedto study collapse mechanisms more systematically by utilizing the modal
identification capability and ultimately aid the development fofture design
specifications.

It is worth noting here that theory developed in this reseiareipplicable to all the

thin-walled members, buhefocus of all applications herein is cefldrmed steel.

1.5 Outline of thesis
This dissertation consists of a tot#l 7 chapters including two appendices.
Chapter Icontairs the background and motivatiofithis research. A brief summary
of the current design methods are provided. Numerical methods for analyzing the elastic

buckling and collapse analysis and their limitationsistreduced
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Chapter2 presents the full derivation of the new finite strip heoet for general end
boundary conditions by utilizing the trigonometric longitudinal shape functions available
in the lterature The elastic and geometric stiffness matrices are provided in a general
form with only specific integrals remaining boundary dition dependent. Validation
againstplate and members are illustrated by comparing the solution against FEM
solutiors obtained through ABAQUSwith shell finite elementsOther considerations
such assprings, longitudinal terms, and the possibilityasf elementwise finite strip
method are discussed.

Based on the work of Chapter 2, the existing constrained Finite Strip meHF®Md )
for pin-pin boundary conditionss extended into the new generalized notation for general
end boundary conditions Chapter3. Orthogonalization and normalizatidhat forms
the different basesre discussed in detail. Recommendations are provided regarding the
choice of basis and normalization.

In Chapter 4, an automatic mode identification method for shell FEM elastic
buckling analysisis proposed.Construction of the base functions frooFSM is
discussed.Modal identification results of FEM solutions are validatadd the
applicability of any arbitrary boundary conditions and members with perforatians
explored

Following the same idea in Chaptgrthe modal identification method is extended to
nonlinear FEM collapse analysiis Chapter 5Applicability of modal identificationto
collapse analysis with geometric and material nonlinearitgesllustrated through

numeri@l studies.
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Chapter 6 shows the applicationtbe finite strip method and modal identification
with the Direct Strength Method of design, specificalliaddressing how to utilize
participation result of the modal identification solution.

Chapter 7 providea summary of this research and lists recommendations for future
research on numerical analysis and design offrlded steel structures.

Appendix A includeshe remaining integrals that depend on the longitudinal shape
functions in FSM

Appendix B proviles he flowchartand interfacedor the devéoped code CUFSM

V4.
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Chapter 2 Conventional finite strip method for general end boundary
conditions

2.1 Introduction

The semianalytical finite strip method (FSM) provides the most widely used
approach for identifyinghte characteristic stability modes a thin-walled memberin
particulart he Asi gnature curveo of the stabilit:
wavelength vs. buckling load provides an efficient solutidrimitation of commonly
available FSM solubns, such as the open source program CUEZH) is that they are
only applicable to simply supported ends.

This chapter provides the derivation and validation studies for the extension of
CUFSM to general boundargonditions, namely: clampedamped C-C), simple
clamped &C), clampediree (C-F), clampedguided C-G), and simplesimple &9).
Specialy selected longitudinal shape functions are employed to represent the various
general end boundary conditions. Tlesulting elastic and geometric stiffness matrices
are presented in closédrm with only specificpresolvedintegrals remaimg boundary
condition dependent Verification problems are provided against eigenbuckling shell
finite element analysis solutionsplemented in ABAQU$45|.

Particular attention is paid to the number of longitudinal terms required to provide

converged solutions in the analysis of typical twaled members with theuli suite of
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boundary conditions, and loadingSupplemental restraint/bracing is common in thin
walled members and typically modelled in FSM as an additional spring foundation. The
implementation ofa spring model in FSMwith general boundary conditions
demonstrated and verified with analytical solution. Comparison of spring modelling
between FSM andhell finite element methodHEM) is provided tohighlight the
differencebetweenthe two methods in linear parbation analysis. Moreover, an FSM
approab where the boundary conditionsre specifiedstrip-by-strip is explored and

shown to be inappropriate.

2.2  Finite strip method
2.2.1 Degree of freedoms and shape functions

A typical strip for a thiawalled member is depicted Figure 2-1, along with the
degrees of freedomu{, vi, w;, d;, etc.) applied end tractionsTy( T,) and the
global/memberX, Y, Z) and local/stripX, y, z) coordinate systems.

vV
X, U

Figure2-1 Coordinates, Degree of Freedom, and loads of a typical48jip

Theu, v andw displacement fields are approximated with shape functibrand

nodal displacement$as:
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:,eu; m_l[Nuv[m]]dU\{m] andw = a[NW[m]]dw[m] (2-1)
where dux{mlz[uﬂml Vi Uggg V2[m]]T ’ dw{mlz["‘ﬁ{m] By Worm q2[m]]T
N, andN,,, are summed for each[ (longitudinal) term, up ta, specifically:
u=4 % %) X%y andv=4 §1- %) (2-2)
et b bEk 2[m]y et b
wed §.30,20 2,0 3¢ 20 03

ande= m. Note, the use of the bracketetli.e., [ is to help distinguish the role of

the longitudinal terms in later derivations, particularly the cFSM derivations that follow.

The shape function of the strip in the transverse direction is the sanwaasieal beam

finite element, while in the longitudinal directioM,;, is employed and trigonometric

functions[12] are utilized, namely:

SS  simplesimple Y,y =sin(mpy/a)

C-C: clampedclamped Y, =sin(mpy/a)sin(oy/a)

SC:. simpleclamped [m]—sm[(m+1)py/a] [(m+1)/m]sm(mpy/a)

C-F: clampedfree Yo =1- cos{(m- 1/ 2)py/a]

C-G: clampedguided Y,y =sin(m- 1/ 2)py/ alsin(py/ 2/ a)

2.2.2 Elastic stiffness matrix

The strain in the strip consists of two portions: membrane and bending. The

membrane straindy;, are at the mighlane of the strip and are governed by plane stress
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assumptions. The bending straitis,follow Kirchoff thin plate theory and are zero at the

mid-plane, and a function ef alone[11, 25]:

m=1

e=g, +e, (2-9)
fet g wixoa
] ]
{eM} =i eyp =i l.lV/uy ,l:l = a [ uv[m]}juv[m a [BM[m]]duv[m (2_10)
[ Goyy  THUTWY VG, T
€e U e 25w/ px? u
|
{eB} :ll eyp :I - Ztw/ py? U =a Z[Nw[m]}jw[m] a Z[B m]]dw[m] (2-11)
|

{9V t 272w/ XYy,
Based on thegn er al i z-displacénmsent rektiofd © 48], the internal strain

energy for a strip of constant thickness:

U :%ﬁ{e}{ Jv=4 4 d ]%rfﬁm][D]B[n]dx yng g%_dT mg (2-12

m=:l.n—1 QOO

where the stress is connected to the strain by an orthotropic plane stress constitutive

relation: & = D Note, D=D" and also,d,,; =[],y Ayl (See[48]). Matrix k™ is

the elastic stiffness matrix corresponding to tvedfve numbersn andn which can be

separated for membrang) (@nd bendings),

K O ;a
(2-13

k[mn]
A O keB U

ab
[ —trﬁBM [Dy By dxdy and k5" —rﬁa;[m][DB]BB[n]dxdy (2-14)

00 00

Substitution and integration yield the following clodedn expressions for the

membrane"" , and the bendingsl", elastic stiffness matrices:
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% Ev,l, G|5g 8E,bl, . Gl g aE,v, |, G|5g %Iézbu _ Gl gu
K = (6 2c, 2c, = (;Eaclc2 bce, = & 2¢ 2c, = gbcc, begc, =((2-19)
eM A o ~ o ~ o ~ o ~ Y
¢4 Ejl, , Gblg %EZVXIS Glsg 4E.1, , Gbl. g %Ezvxls +GI503
gc b 6 -+ ¢ 2, 2,z ¢ b 3 + ¢ 2 2c,
% E,v, +GI5§ %Zbu Gl, g %EZVXIZ Glsg aE,bl, Gl 63
& 2 2c, = ¢gbcc, bec,r ¢ 2 2c, =~ £3cg ,.C,  bcc, 2
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%rzolefD I, @ & 168D, 8 & omeo,, 8 %-16833DWI5 8 u
eggszoaol - 462°D,1, 8 %680)2DXI 560'D,1, 8 a- 2520D,1, +420°D,1, 8 %4002D| +140'D,1,§ U
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i oL e%lssm I, 8 & 200D 1, 8 ?16833le5 8 ZEsep,. 8 u
* _42033 ea- 504D,1, +504°D,1,§ é‘é 252D 1, +420°D,1, § ggmoal - 504D, @ §é 252MD,1, + 462°D llz%
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é ggszmm - 420°D,§  8840°D,, +14°DI1,§ & 2520D,1, +462°D1,§ 4680°D,, - 560°D,l,§ u
¢ ® 420D, - 13D 1,6 & 140D, - 30°D1,0 @ 42D, - 22D, 0 e 560'Dl,+4'D, 6
§ %168330 I, 8 & 5D, I, 8 &iewp,, 8 &m0, 8y
(2-16)
a a a
mp _np _ .
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See AppendiA for the explicit integration results ofto Is. The preceding has been
derived independent ¢12] and[11] and terms corrected, including the (2, 1) terrken
[11]. The full elastic stiffness matrix can be expressed as:

ko =[Km ], (217
where eaclk™ submatrix is 8x8 and’ such submatrices exist.

For the simplesimple (SS) boundary conditionk, throughls are zero whemi n
leaving only a diagonal set of submagsadnk. It is this efficiency for the & boundary
condition that leads to the attractive nature of that solution and the universality of the
bucklingloadvs. bucklinghalf-wavelengthcurve for SS boundary conditions.

For all other boundary conditiorkshas norzero submatrices off the main diagonal
and interaction of buckling modes of different hativelengths occur and the half
wavelength vs. buckling load curve loses its special significance. In essence, for all
boundary conditions other tharSs FSM has the same identification problems as FE

analysis, unless other tools such as the constrained FSM are implemented.

2.2.3 Geometric stiffness matrix

For axially applied edge tractionig, T, (seeFigure 2-1) a basisfor the geometric
stiffness is the additional work/) created as the plate shortens due, e.g., tofgpiane
bending, specifically, pdi2, 25]:

Ao 2

120 x, & avG | Auwg 2
VP_E[f[Tl T, TZ)B)é%: +€%§ +§%§ adxdy (2-18)

a0y,
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The derivatives of the displacements can be written in terms of appropriate
derivatives of the lape functions. For example, the partial derivativewotan be

expressed as:

) g &d g 93 :
(w/ ) = : 1[Nw{m] w[m]@ :é@_-lee[mldw[m@ :3:la_ldw[m1G mCeim A (2-19)

Similar derivations are employed for the membrane deformatioasd v of the

strip.
&uu/ )0 4.9 § Ad &
( / LI - @- [ uv[m]}jm{m 8 %. GM[m] uy[m] 8 a a dU\{m]GL[m]GM[n]duv[n] (2'20)
i \Wv I"ly) y Cm= -~ Cm m=L n=1

The potential energy, can then be written as

X aq 4 mn
V, ——rﬁT (T.-T,) )@ad G[m]G[ dn]gjxdy aa dT k[ ]d[n] (2-21)
m—l n=1 m=1 n-l

Similar to the elastic stiffness matrixhe geometric stiffness matrixkgm”]
corresponding to halivave numbersm and n is broken intomembranekg"h‘,,“] and
bendingkig:

ekg"“’,,“] O z

2.22
§ O Kmy (222

[mn] —
kg

K’ = r”r”frl (T~ T,) )Gl G chetyNA = r”ﬁT (T~ ) Gk G ly(2-23)

The explicit expressions can be obtained via substitution and integration:
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é,(grl"'Tz)bls 0 (T1+T2)b|5 0 g
e 12 12 u
g (3T1 +T2 )ba2| 4 0 (Tl +T2 )ba‘2| 4 3
i — € 12m,m 12mm u (2-24)
oM g (Tl + 3T2 )bIS O lil
e u
4 . (T, +31, )ba’l :
€ symmetric AL _— 27 el
g 12mm Y
2(101-1 + 3-I-Z)bIS (l5rl + TrZ)bzl 5 g(Tl +T2)b|5 _ (7T1 + 6T2)b2| 5 S
& 35 420 , 140 , 420 , d
é (Srl"'grz)b 5 (6T1+7T2)b I _ (T1+T2)b I u
il = € 840 420 280 U (229
o g (3T1+10T2)b|5 _ (7‘|’1+]_5|'2)b2|sg
2 symmetric ® —(3T1 al ééc))b3l 5 3
e 840 ¢

where/, =mp; m =np; 1, = Gy 1s = Y Yady

See appendiA for the explicit integration results of andls. Several terms irkym
andkgg in [12] have been aoected by independé derivation by the authar&inally, the
geometric stiffness can be expressed in its full form as:

ko =[], (2-26)

2.2.4 Assembly

Assembly of the local stiffness matricds &ndkg) into the global stiffness matrices
(Ke andKg) proceeds in a manner similar to conventional finite element analysis or the
classical finite strip methofR25]. First, the coordinates must be transformed flocal to
global based on the strip orientation (an@)eFor stripj at strip line (node) and for the
m" term in the longitudinal series, this transformation follows from the coordinate

systems established igure2-1 as:
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U @_ ecosa’ sma“)ﬂsU,[m ,[m]ﬂ &l OV, o

de (2-27)
eW[mlu e—sma(” COS&(J)@V m1u 33 1U'9Q|[m1u

These may be collected into a matrix form for all DOF (note, total DOF = 4 DOF
2 nodes® ¢ longitudinal terms) in stripas
d" =g"'p®” (2-28)

where, G" is defined as following based on Eq:-22):

=lail.. (2-29
gcosa” 0 sina” Og
G” —g 0 1 0 03 (2-30)
" ésina” 0 cosa” OU
é u
g 0 0 0 1
Thus, stripjd6s gl obal stiffness matrices are
as:
k() =Gk G and k() =Gk VGl (2-31)

With dl DOF in global coordinates the global stiffness matrices may be assembled

as an appropriate summation of the strip stiffness matrices:

K. =8 KY) andk, =8 K (2-32)
]

i
where theassembly occurs ovegyips Note,Ke is a square matrix of dimension 4 DGF

2 nodes/strig qterms3 Nsyips

2.2.5 Stability solution
For a given distribution of edge tractions on a mentifbeigeometric stiffness matrix

scales linearly, resulting in the elastic buckling problem:
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K.JF =LK/F (2-33)
where,L is a diagonal matrix containing the eigenvalues Kbog loads) andF is a
fully populated matrix corresponding to the eigenmodes (buckling modes) in its columns.

For simply supported boundary conditions, due to the resulting orthogonakty in
andKg the solutions for anyn are ind@endent and further the buckling load for amy
may be found by performing the solution forl at a length equal ®'m. As a result, it
has become conventional to express FSM solutions in terms of the first buckling load
over a series of length®)(as opposed to FEM solutions where typically a model is
solved for many buckling loads at a single length.

For FSM with non simphsupported boundary conditions the orthogonality is lost,
and thus the special meaning of mnal solution with varying lengtla is lost as well.
Nonetheless, in the material that follows the classical FSM presentation is employed,;
however, given that many longitudinain) terms are used the solution should be
interpreted as a function of physical length, as opposed tevhailengh. In fact, it
would be equally valid to use the FEM approach and examine higher mode solutions at a

given length, instead of varyiray

2.3 Validation studiesfor finite strip solution
To provide validation studies for the selected FSM displacement fieddsgly the
Ym 0 f  EH24) -0%8) comparisons are made to classical plate buckling solutions and

shell finite element models of plates and full members.

2.3.1 Plate studies: comparison to classical solution

The local buckling stress {) of a plate may be characterized as
29



. pE atéd
kP = 234
o~ 12(- V) e (239

wherek is the plate buckling coefficient and is dependent on loading and boundary
conditions,E andv are material propertiesjs the plate thickness, armthe plate width.

For a63.5 mmwide, 1.27 mmthick plate and withthe material linear elastic, isotropic,
with E=203,000 MPa and=0.3, the plate buckling coefficient is determined for all five
considered end boundary conditiormmplesimple &S, clampedclamped C-C),
simpleclamped &C), clampedguided C-G), and clampedree (C-F) and for two
longitudinal edge boundary conditions: simplmple &s) and clampedlamped ¢-c)
and reported and compared to classical solstiofigure2-2.

The results are in excellent agreement with theory and show the important length

dependent behaviour in the stability solution which is introduced by the use ©f non

simply-supported boundary conuits.

10

b ——S-SFSM
S C-C FSM
R S-C FSM

Vi = C-G FSM
7H 1 N - C-FFSM
) S | k=40

4 [N

(a) s-slongitudinal edges

30



127

11 W
10: ~

w » (¢ » ~ © ©
T T T T T

1 2 3 4 5 6 7 8
L/b

(b) c-clongitudinal edges
Figure2-2 Buckling coefficients of plates in compression with varying end conditions

2.3.2 Plate studies: comparison to finite element solution

To study theaccuracy of the solutions for shorter plates, where the end boundary
conditions have the greatest influence, shell finite elementelmaare developed in
ABAQUS [45]. The models employ th&9R5 thin shell finite element, and the Lanczos
method is employed for eigenvalue extraction. The material is assumed to be linear
elastic, isotropic, witle=203,000 MPa and=0.3.

Stability results for FSM and FEM are provided for a uniformly compreptsd
with clampedclamped (GC) boundary conditions at the loaded ends and simple supports
(s-s) along the longitudinal plate edgdsdure 2-3) and GC at the loaded ends and
clampedclamped (ec) supports alonghe longitudinal plate edge$igure 2-5). The
FSM solutions are nearly coincident with the FEM solutions, both in terms of plate
buckling coefficient (i.e., buckling stress) and buckled shapefiggeee 2-4 and Figure

2-6. The errors (differences) are relatively uniform over the lengths studied: the FEM
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method is 0.5% lower for the-C, ss condition and 0.67% lower for the-@ cc
condition.

Stability solutions for uniformly compressed plates as a function of plate length were
completed in FSM and FEM for all 5 of the considered end boundary conditions, and for
both simple supports on the unloaded edges and clamped boundaryoosnalit the
unloaded edges, as summarized-igure 2-7 and Figure 2-8. The figures demonstrate
that the assumed longitudinal displacement functidfg) (orovide accuratsolutions for

plates.

1y 1y 1y

—C-C, s-s, FSM

2 r r r r r r r
1 2 3 4 5 6 7 8

L/b

Figure2-3 Buckling coefficients FEM and FSM resuyl-C, ss
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Step: Step-1
Mode 1: EigenValue = 44.095

(a) Mode shape of FEM result at L/b=5 (b) Mode shape of FSM result at L/b=5

Figure2-4 Buckling mode shapes of FEM and FSM at L/bEXC, ss

T

1y 1y

—C-C, c-c, FSM
.......... C-C, c-c, FEMH
k=6.97
Y
6ﬁ -
5 r r r r r r r
1 2 3 4 5 6 7 8

L/b

Figure2-5 Buckling coefficients FEM and FSM results;& cc
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Step: Step-1
Mode 1: EigenValue = 75.419

(a) Mode shape of FEM result at L/b=5 (b) Mode shape of FSt ratsL/b=5

Figure2-6 Buckling mode shapes of FEM and FSM at L/b=8Qxc
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(a) simply supported on unloaded edgess S
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(b) simply supported on unloaded edges; S
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(c) simply supported on unloaded edges:C
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——C-F, s-s, FSM
N C-F, s-s, FEM
S k=2.32
| A
% 2.5&N r
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15 |
1 | r r . : r r

1 : ; 4 5 6 7 8

L/b
(d) simply supported on unloaded edgesi-C

Figure2-7 simply supported on unloaded edges)s/arious boundary conditions on
loaded edges
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(a) clampedon unloaded edge€-C
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(b) clampedon unloaded edges;G
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(c) clampedon unloaded edges;G
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—C-F, c-c, FSM
7 T C_F, C'C, FEM
""""""""" k=3.90
6 L .
¥ 5+ N
3 L .
2 r r r r r r r

1 2 3 4 5 6 7 8
L/b

(d) clampedon unloaded edges;E

Figure2-8 clamped on unloaded edgesci¢ various boundary conditions on loaded
edges

2.3.3 Member studies

The previous studies demonstrate that Wg o f E g-4) 6 5(2-8)( provide
excellent approximation of isolated plates. In this section the validation studies are
extended to a common thimalled member: a lipped channel. Specifically, an SSMA
350S16243 stud[49] with outto-out web depth 0B9 mm outto-out flange width of
41.3 mm outto-out lip length of12.7 mm and a design tbkness ofl1.146 mm. The
material is assumed to be linear elastic, isotropic, ®itB03,000 MPa and=0.3. In
both FSM and FEM the member is modelled as a stréilghimodel (no corners). Three
loading cases are considered: axial compression, fagjerbending, and minexis
bending with flange lips in compression. Clamypéinped end boundary condrtis are

employed.
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The stability solution under axial compression, as a function of member length, for
both the FSM and FEM models are providefFigure2-9(a). The FSM solution (with 36
m terms employed) is an eadtent approximation of the FEM solution; however at short
lengths and at the transition point between local and global bucklifg/25=mn) the
FSM solution is modestly stiffer than the FEM solutiigure 2-9(b) provides the error
between the FSM and FEM solutions. Increasing the number of longitudinal terms (from
36 to 48m terms atL=2725 mn) in the FSM solution is demonstrated to decrease the
error between the two solutions.

Note, in this solution the distootnal buckling mode is at a higher critical stress than
the local mode, so the first (elastic) buckling mode is always local buckling even at
intermediate lengtht seeFigure2-10. Also, note inFigure 2-10 that the magnitude of
the buckling wave varies along the length, which does not happen with simply supported
ends. To determine the distortional buckling mode using conventional FSM higher
buckling modes would need to lexamined, this further supports the need for modal

decompositiononly possible with constrained FSM solutions.

39



(kN)

cr

Critical Load P

Relative difference, %

Figure2-9 Stability undercompression for a 350S183 with clamped ends
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(a) FEM L=750 mm (b) FSM, L=7/50 mm

Figure2-10 Mode shapes for a 350S183 in compression with clamped ends

The stability results for FSM arfeEM in majoraxis bending are provided KFigure
2-11 and Figure 2-12. Differences between the FSM and FEM solution are essentially
negligiblein Figure2-11(b) although at very short lengths (members with shorter length
than the depth of the section) the FSM solution is on the order of 1 to 2% stiffer. In
majoraxis bending, at intermediate lengths, distortional buckling is lowam tbcal
buckling and thus appears in the results; further, the FSM and FEM solutions are
essentially coincident in the predicted mode shaperigeee2-12.

In minoraxis bending (with the flange tips in commies) the stability results
(Figure2-13) are again in good agreement as are the predicted mode Skigpesd-14).
The difference between the FSM and FEM models renegssthan 1% for distortional
and global buckling and approximately 1% for local buckling,/3gare2-13(b). Overall,
it may be concluded that the selected shape functions are working with the desired

accuracy ad that the method has been implemented successfully.
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Figure2-11 Stability in majoraxis bending for a 350S16%3 with clamped ends
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(& FEM, L=1067 mm (b) FSM, L=1067 mm
Figure2-12 Mode shapes for a 350S183 in majoraxis bending with clamped ends
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Figure2-13 Stability in minoraxis bending for a 350S 16 with clamped ends
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(a) FEM, L=3445mm

(b) FSM, L=3445 mm

Figure2-14 Mode shapes for a 3506243 in minoraxis bending with clamped ends
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2.4  Signature curve and general finite strip method solution

The signature curve of the stability solution in terms of bucklingwalfelength vs.
buckling load, as popularized by Hanco¢R4], provides an efficient meanfor
identifying the characteristic bkiing modes. The signature curve and its efficiency
result from the fact that the specially selected longitudinal shape function, which is the
sine functions as shown in EQ.-42 is orthogonal. However, the longitudinal
displacement field represented thys shape function is limited to simpBupported ($5)
boundary conditions. When the longitudinal shape functions are expanded to
accommodate more general boundary conditions as given in-B)jt¢d28), the loss of
orthogonality of the longitudinalhape functions for neeimply supported boundary
conditions makes the stability solutions potentially coupled between longitudinal terms
(in other words, the mode shape is mixed by different-walfelengths). Hencehe
signature curve based arsingle bngitudinal termloses its meaning in identifying the
characteristic buckling modes for such boundary conditions.

To better understand this orthogonality thre stability solution of SS boundary
conditions, the stability solutions including 60 signataveves (for longitudinal term
from 1 to 60) for a 400S16@8 SSMA stud section under majxis bending are
provided inFigure2-15. In addition, the general solution as a function of physical length
instead of tk halfwavelength (all the longitudinal term m are included in one analysis) is
also shown inFigure 2-15 to reveal the relationship with the signature curves & S
boundary conditions. Fromigure2-15, signature curves of all the highmrlongitudinal
term are simplyhorizontaltranslation of them=1 signature curve. Thm=1 signature

curve establishes a lower bound curve for global buckling with longwealélengths.

45



While all the signature curves together form two plateaus: the distortional buckling
plateau (the lower one figure2-15) and local bucklinglateau (the upper one kigure
2-15). Meanwhile, the general stability solutions of varying lengths take the lower path of
all the signature curves combined. Nawnsider a membef length L=2743 mm the
traditional way to find the essential buckling modes (local, distortionahaf) is to
examine all the higher modes L = 2743 mmwhich have been organized in increasing
order similar to FEM solution, as shown by the vertical lin€igure 2-15 (a). All the
higher modes are intersewgi with the signature curves at different hadvelengthas
shown in Figure 2-15 (b). The f' global buckling mode can be found in the=1
signature curve at the physical length, tfeistortional and local biiing modes can be
found in the distortional and local plateaus, respectively, at the physical length. All of
these indirectly confirm the orthogonality of stability solutions of different longitudinal
terms for simplysimply supported boundary conditions.

Therefore, FSM solutions fd8-S boundary conditions for angn are independent
due to the resulting orthogonality i andKg. As a result, it has become conventional to
express FSM solutions &Sboundary conditions in terms of the first bucklingd over
a series of lengths (signature curve) as opposed to FEM solutions where typically a model

is solved for many buckling loads at a single lengtlexgmining higher mode solutions.
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(a) Stability solutions of signature curves and general FSM solution

(b) Zoom inwhere hgher modes intersecting with signature curves
Figure2-15 Stability solutions of SSMA 400S16@8 under majeaxis bending for &
Performing the similar signature curve solution for the samebaefor norsimply
supported boundary conditions, for instancesC ®oundary conditionskFigure 2-16
illustrates the relationship of stability solution of signature curves with those of general

boundary conditionsFor FSM with non simphsupported boundary conditions the
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orthogonality is lost, and thus the special meaning of the signature curve=(an
solution with varying lengtha) is lost, as shown ifrigure 2-16 (a). Given that many
longitudinal ) terms are used the solution should be interpreted as a function of
physical length, as opposed to hakivelength. Different from-S, the higher modes at a
physical lengthdo not intersectvith the signature curves anymaoae shown inFigure
2-16 (b). In fact, the FSM solution captures the potential interaction of longitudinal terms.
Hence, for all the nesimply supported boundary conditions, it would be equally valid to
use the FEMapproach and examine higher mode solutions at a given length (e.g., at L=
2743 mmas shown), instead of varying haavelength as shown Figure2-16.

Even though the signature curves for 1somply supported dundary conditions are
not valid to examine the buckling behavior, some insights provided are still useful. As
shown inFigure 2-16, these signature curves still form two plateaus (though slightly
descending) thadssociate with distortional and local buckling, respectively. Comparing
these plateaus with those irSSas shown ifrigure2-17, they are almost identical. This
tells us that for relatively long members, even laarg conditions have little impacts on

critical loads for local and distortional buckling.
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Figure2-16 Stability solutions of SSMA 400S16@8 under majeaxis bending for €C
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Figure2-17 Stability solutionsof SSMA 400516268 under majeaxis bending for both
S-S and GC combinel

2.5 Longitudinal terms

A key feature of the FSM method presented here is the necessity to use a
longitudinal seriesY(j) to properly capture the buckling mode in a given length when
end conditions other than simply supported are employed. Specific exi@amiothe
longitudinal terms which are necessary for capturing the buckling modes provides a great
deal of information about the importance of this longitudinal series.

Consider the unifanly loaded plate irfSection2.3.], the participation of the varigu
m terms for three sets of boundary conditiond./&t=5 is provided inFigure 2-18. For
simply supported boundary conditions the plate buckles into 5nzaiés and onlyn=5
participates in the solutiorFigure2-18(a)). This solution demonstrates the orthogonality

present in the simply supported solution.
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If the member ends are clamped, but the unloaded sides still remain simply
supported, the buckling mode still appears to be in the form of 5Maals Figure
2-4(c)) but the halHwaves are not of constant magnitude &nglure 2-18(b) reveals that
m=3 and 7 provide a small participation to the solution in addition to the dommsdnt
Finally, if the plate is clamped on all sides the mode sh&plominated by 7 halfaves
(Figure 2-6(c)), but significant contributions exist for=3, 5, 9, 11 and even higher odd
modes. In fact, 42% of the participation occurs from modes othenthdnThe coupling
that occurs is real and necessary for accurate prediction of the buckling mode, and
although the mode shape has a dominant visualWaalélength quantitative examination
of the participations demonstrate that the behaviour is more complicated than a single
hdf-wavelength description.

As the participation plots dfigure 2-18 indicate, 36 longitudinalng) terms were

included in the analysis, but only a few terms are practically relevant at a given length. In

fact, knowng the simplysupported haffvavelength in local bucklingL{) we can

conclude that them near L/L., (5 in the example ofigure 2-18) are of greatest
importance. The dimension of the eigenvalue problem that must be solved is directly tied
to the number of included longdinal terms (see DOF discussionSection2.2.1), thus
computational efficiency is compromised by using a large number of terms in all
situations.

For members, local buckling is not the only mode of interest. If the simply supported

half-wavelengths arertown for local [,), distortional L), and global bucklingL(e)

these represent the three regimesnfiasf greatest interest, i.en nearL/Lc,, L/L¢q, and
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L/L¢re. In Section2.4, we analyzed the relationship of signature cuarel general FSM
solutions. The localand distortional buckling regimes fon of greatest interest are
immediately illustrated by two plateauskigure2-17, where the longitudinal ternm of
the plateaus at a physical length are nedy,, and L/L¢q4 for local and distortional
buckling, respectivelyDifferent with the concept of effective length in Euler buckling, in
FSM contextthe longitudinal term foEuler buckling is alwaysn=1 for all boundary
casesNote, thism=1, global is only rigorouslyrue for bare member.

To illustrate these three regimesonsider the 350S1623 of Section 3.3 as a
clampedclamped column dt=2725 mm i.e. the location ifrigure2-9 where FSM (with
m=36 terms) and FEM had tlggeatest difference. Classical FSM with simply supported
boundary conditions is completed ahg,=68.6 mm The difference inFigure 2-9 at
L=2725 mmmay be attributed to not providing high enoughtermsto coverlocal
buckling, namelyL/L., ~ 39, but only 36 terms are employ&ilgure 2-19(a) indicates
thatm=37, 39, and 41 are the dominant terms.

Now, consider the 350S16B as a beam in majaxis bending at= 1067 mm
where distortional buckling is the controlling mode. Classical FSM with simply
supported boundary conditions is completed bgg=371 mmandL/Leq ~ 3. Figure
2-19(b) indicates thain=3 is by far the dominanetm. For global buckling, for instance
for the beam bent about thezzaxis, the dominant term is=1 (Figure 2-19(c)), as

expected.
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Thus, an approximate method which may be utilized to greatly increase
computational efficiency is to only include thaseterms nearlL/Lcr,, L/Lcrg, andL/Lcre.
The proposed approximation numbénat shall be included in the analysie selected
as following: 7 longitudinal terms arourdL.., and L/Lsq, and 3 longitudinal terms
aroundL/L (essentiallym=1, 2,and3). The advantages dhis arethat 1) increase of
the computational efficien¢y2) almost no reduction of the accuracy of the solution; 3)

the three essential buckling modeeall included in thesolution

2.6  Spring modeling

Restraintof athin-walledmember such as mpurlin-sheeting systermor wall system
with bracingand sheathing are commarhese kinds of restraints can be modeled as a set
of springsor spring foundatiom along the member, the influenad which can be

considered in thetability behavior of the member

2.6.1 Spring stiffness in FSM

For continuous springspring foundations, the stiffness of the springsst beadded
into the FSM analysis. An equivalent stiffness must be determined from the spring
foundationstiffness andhis spring stiffnesaddedto the dastic stiffness matrixe in
Eq6 &-15) and (216).

In finite strip and finite element models, the springs are generally defined at certain
nodes. Therefore, the transverse shape functions (linear or cubic polynomial function in
Eqb £2-2) and (23)) are unit vectors depending on the directiontloé foundation
springs. Consequently, the strain energy in the spring can be calculated similar to

equivalent nodal loads as following:
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U

spring =

N

Ald {Flay (2:39

where, in the spring modelF} = k{ d } , { d} Zis {haunoddl digpladeinent
vector, k is a matrix consisting of the corresponding spring foundation stiffness with
specified direction (e.g., in the unitsfelL/L for translational spring, and &fL/rad/L for
rotational spring) in digonal, which igliag(Kx,Ky,Kz,Kg), anda is the strip length.

Since the nodal displacement in the strip is a summation over several longitudinal
terms as shown in EQR4) and (28), the strain energy ithe spring for the strip can be

rewritten as:

991 .
Uspring = a a. E{d};—m] Kgpri]ng{d}n (2'36)

where

eKyly 2

¢ K, | @

(il — vls _ 2 NN
Kspring_ g Kz|1 E and I1 - r(]Y[m]Y[n]dy1 |5 - r(]Y[m]Y[n]dy
e u
é Keolil

For the simply supported boundary case, for instani®zero whem | while it is

a/2 whe&n m=n. SeeAppendix A for the explicit integration resultslgfandls.

2.6.2 Analytical solution for global buckling
2.6.2.1Flexural buckling

For a simple column with elastic spring foundation, the flexural buckling solution
can be found in Theory of Elasticability by Timoshenko and Geif®0]. Now, let us

extend the analytical solution of flexural buokj to more general boundary conditions.
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In the general boundary case, assume the buckling curve in the longitudinal direction is

represented by the equation:
g
W=a AmYim (2-37)

where, similarto the definition in FSMm is longitudinal term, up t@, and Y is the
assumed buckling curve in the longitudinal direction that satisfies the boundary
conditions. For the general boundary conditions studied Mggées given in Egs. (&) -
(2-8).

By neglecting the strain energy due to axial stress, the strain evigogynding and
the spring foundation are expressed by assuming the cross section and spring stiffness are

constant along the length as
U = LB §w)dy+ 1k w)d (2-39)
21 YR

At the same time, the work done by the external compression Brcan be

expressed as:

Wext =

N

P{(w)?dy (2-39)
Then, the potential energy in the system is:
P =U-W., = 1B FwW)2dy+ ki w)2dy- = P& w)dy (2-40)
C n > A > n
Substitutingw into Eq. (240), the potential energy can be rewritten as:
108 8 0 &y v I R 199 5.
P= 5 Ela a Am Q) Yim mdYA, +§ka A A Q)Y (YA - 5 Pa a A ) Ym Y(mdYAw

(2-41)
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The principle & minimum potential energy thus leads to the following eigenvalue
problem in matrix form:
(B[] + KD A=PI]A (2-42)

where,Ais the vector consisting §h1;; Ay Az € (4], and

L= Y YmdYs e = R ¥mYadys s = Y

m]

Y[‘n]dy (243
For a simply supported columny, I;andlsare zero wenmi ,rwhich lead to a set

of diagonal matrices. Therefore, the buckling curve is uncoupled between diffierent

longitudinal terms. Substitute, I;andls into Eq. (242), the critical loadcanbe obtaired

2 4
p=P ek 2
m°p El

a

) (2-44)

which is the same as that[i0] and isknown as Euler tackling.

For other than simply supported boundary conditions, matflggs|l 4], and [l
have nonzero offliagonal terms which means differentongitudinal terms are coupled.
The egenvalue problenof Eq. (242) mustbe solved for several longitudinedrms in
full matrix form to take account of their potential coupling.

An |-beam sectionhas been selected here to compare the FSM solution and
analytical solutions. The section has a hegfitOOmm, widthof 60mm, and thicknessf
2mm. The material isssumed to be linear elastic, isotropic, wih210,000 MPa and/
=0.3. The spring is in the wealis direction with a foundation stiffnes$ k=0.001
N/mm/mm.

For simply supported boundary conditions, both FSM and Euler solutions with and
without spring are shown inFigure 2-20. Figure 2-20 demonstrates the excellent

agreement between the two solutions. In fact, when there is no spring, the member
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selected always bucklaa minoraxis bending; while with the spring, both solutions
show the transition of the buckling mode fronr1 to m=2. However, when the column
length is long, the FSM solution is able to capture the lower buckling inodgoraxis
bending. That is wherthese two solutionG@nalytical/Euler and FSMyeparate.

For all the other boundary conditions, both FSM and Euler solutions should take into
account the coupling effect between longitudinal tex@mnparisons are shown figure
2-21 - Figure 2-24 for C-C, SC, GF, and GG, respectively. Similar tthe S-S case,
excellent agreement can be found for all the cases. In addition, for longer sothenn
FSM solution departs ta lower critical mode (majeaxis bending) whethe spring is

present

30 T 0 T
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© Euler m=1 k=0
- T CUFSM m=1 k=0.001 .
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T

Critical load, kN

o
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Figure2-20 FSM and analytical solutions tie column with/without springs for-S
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2.6.2.2Flexural-torsional bucking

In the previous studythe analytical solutiors restricted to flexural buckling in one
direction. For general column buckling, flexural buckling in both directions and torsional
buckling should be considered simultaneouslypecially when therasssection is not
symmetric. For common singly symmetric section the coupling resultBexural
torsional buckling.

For general boundargonditions assume the buckling curve in the longitudinal

direction is represented by the equation:

q q

u=a AnYm =a [1 0 O]Y[m]d[m] (2-49)
J J

W= a B[m]Y[m] = a [O 1 0]Y[m]d[m] (2'46)
g 3

g=aCGnYm=a [0 O :I']Y[m]d[m] (2-47)

where, similar to the defingn in FSM,m is the longitudinal term, up t@, Yy is the
assumed buckling curve in the longitudinal direction that satisfies the boundary
conditions,anddyry = [Arm Bim Cpmg] '+ For the general boundary conditions studied here,
Ym is given in Eqs.Z2-4) - (2-8).

The modeling of the springsillustrated inFigure2-25 with a channel section as an
example. Displacementis in x direction,w in z direction and rotationd in x-z plane. All

thedisplacements are with respect to the shear center.
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Z,. distance
betweer
andCinz

Figure2-25 lllustration of cross section and springs
By neglecting the strain energy due to axial stress, the strain energndipdand
the spring foundation are expressed as the followf@gsuming the cross section and

spring stiffness are constant along the lepgth

1 2, 1 3, 1 A 1..3,, 1 B,
Usian =5 ELQ (U dy+ D EL W)*dy+ 2 EL f(u"w')dy+ 2 GIR(@) dy+ 2 EC, ((g")’dy

strain —
2

(2-48)
_1 3 2 1, 2 2 1, 38,
U spring — E kx Ia (U - hzg) dy+ E kz m (W+ hxsq) dy+ E kq Igl (q) dy (2-49)

where,lyy, |,z are the second moment of inertig,is the product moment of inertid,is
SaintVenant tortsional constanC,, is the warping constank,, k;,, ks are the foundation
spring stiffnesshy is the distance im direction of spring, relative to shear centédiy is
the distance ire direction of springky relative to shear centeSee Timoshenko and
Ge r e 6 450 oo assiknilar solution through equilibrium equations. the same time,

the work done by the external compression fétcanbe expressed as:
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W.

1. .3[, . - :
b =5 PRI + (W) +12W)* - 22,4 +- 2 gy (2:50)
wherex, is the distance between shear and shape centergns the distance between

shear and shape center i@, r, is the radius of gyration, given by

=Xy (L L) A

Substitutingu, w, andd into Eq.06 $2-48) - (2-50), the strain energy and external

work can be rewritten as:

198 &
u :Ustrain+Uspring:§a a str ]d[m] (2-51)
1 q q mn]
W E a a [m] ext d[m] (2'52)
where,
é,EIZZI4 +kx|1 Elxz|4 - kxllhz ?
Kim=8 El 0, Bl +kl k,1,h, o
g - klh, k,1.h, GJls +EC, I, +k I,h? +k,1,hZ +k I,
el 0 -zl
mn _ € u
Kea =g 0 s %ls

€zls Xl I H
The explicit integration results of andls can be found in the appendix Ahen, the
potential energy in the system is:
P =UgaintUspring™ Wext (2-53)
The principle of minimum potential energy thus leads to the following eigenvalue
problem in matrix form:

[KE g qd = PIKET] . ,d (2-54)

str ext
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; T T T
where,d |savector[d[1] dy 3 d[q]]T,

Solving the above eigen problem yields the critical loadtterglobal buckling
mode. This solution capture all possible global buckling modes, namely: maggis
bending, minofaxis bending, torsionalncluding coupling of anynode for any of the
boundary conditions (S, GC, SC, GG, and GF) studied here

For a channel section, with and without springs, the stability solutions of long
members by FSM anthe analytical method are provided in the following figures for
each boundary condition case. The section has a web hefgh@0mm, flange widtlof
60mm, lip lengthof 10mm and thickness f 2 mm. Y o u rofgtlée snatenial su | u s
210 GPa, and the Poisson ratd).3. The springs are foundation stiffness in the weak
axis diection with K,=0.1 N/mm/mm and in the rotational direction wiy=10
N/rad/mm(seeFigure2-25).

Either with or without springs, FSM solutions show excellent agreementtiath
d e v e | anpliahb sdlutions for all the boundary conditiorA&lso, as an illustration,
the bucking mode transfers from weakis bending to majeaxis bending due to the

springsin Figure2-26 for S-S boundary conditions
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Figure2-26 FSM and analytical soluin of column foIS-S with/without springs
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Figure2-27 FSM and analytical solution of column forCwith/without springs
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Figure2-29 FSM and analytical solution of column for®& with/without springs
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Figure2-30 FSM and analytical gotion of column for CF with/without springs

2.6.3 Comparison with shell FEM

Elastic buckling analysis (also known a&sgenvalue buckling analysis), which is a
linear perturbation procedure, predicts the theoretical buckling strengthnoémber
usually based o theperfect geometry. Imperfections and nonlinearities are not included
in the analysis. However, eigenvalue buckling analiggmsecededy astatic analysis to
obtainthe stress ditribution in the member.he geometric stiffness matrix is formulated
based upon this stress distribution. With the elastic and geometric stiffness matrices, the
results solved by the eigenvalue buckling analysis give the load féetpesvalues)hat
scale the load applied in the static analysis and also the corresptmdikiogng mode

shapegeigenvectors)
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The FSM stability solutionfor general boundary conditionsith springs shows
excellent agreement with h analyiicab Euler solutionas presented in the previous
section In this section, a more extensive verificatioas been performed agaiasthell
FEM solution. For the same cross section used to verify the fletarsabnal buckling
with springs(as shown irFigure2-31), the stability solutions under axial compressas,

a function of member length, for both the FSM and FEM models are providégure

2-32 for this member with/without springs. Different from the verification work in
Section2.3, the S4 shell element in ABAQU#brary is used here. In terms of the critical
loads as shown iffigure 2-32, the FSM solutions show excellent agreement with FEM
solutions in both cases. The predicted mode shapes are also the same for botld FSM an
FEM as illustrated irFigure 2-33 (at L=2.42 m). The spring scenario considered in this
study has almost no impact on local buckling load for short columns. For intermediate
columns (in the range: 760 ~ 2500 muie critical mode ( eigenmode) is distortional
buckling without springs, while distortional buckling has been restrained by the springs
and the critical mode is local bucklirigseeFigure 2-33. Moreover, the lpbal buckling

loads have been enhanced by the springs as well.

;

K,=0.01 N/mm/mn

K4=10 Nfadmm

€ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ & B

o’tttoo@

Figure2-31 Continuous springs in the member length
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Figure2-32 FSM and FEM solutions of aamn for GC with/without springs

(@) FSM (b) FEM

Figure2-33 Buckling mode shapes of FEM and FSM at L=2.42m

Now, for the same member with springs showfigure2-31, the stability solutions
of FSM under majoeaxis bending (top flange in compression) are compared with FEM
solutions. The critical loads as a function of member length are showigure 2-34.
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Tremendous differeces are observed especially for long members, for which FSM
predictseither local buckling (inFigure 2-353) or global buckling while FEM always
predicts localized local/distortional interacted mode at two endsdure2-35b).

However, for FSM (as implemented)the stress distribution is pessumed as
longitudinal nodal stresses at theade and no gradient is presesibng the length.
Therefore, when the springs are soiered in the model, while FSM remains the-pre
assumed stress distributigas shown irFigure 2-36(a)), a static analysis performed in
FEM may result ina different stress distributigrespecially at the ends tife beam(as
shown inFigure 2-36(b)). While, stress distribution in FSM is uniform along the length,

gradient of the stress distribution is observed in FEM model.
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¥ FEM W spring
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Figure2-34 FSM and FEM solutions of beam member with springs @ C
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(a) FSM buckling mode (b) FEM buckling mode

Figure2-35FSM and FEM buckling mode shapes at L=2.42m

(@) FSM (b) FEM

Figure2-36 Prebuckling stress distribution in FSM and FEM for spring modeling
2.7  Elementwise finite strip method

The general boundary condition conditions in FSM incl8d& SC, GC, GG, and
C-F represented by the spetyatelected longitudinal shape functiom§ E g¢4)16(z ( 2
8). However,the longitudinal shape is applied anstrip-by-strip sensgas illustrated in
Figure2-1, the default application in FSM is that the boundary condition at the end is the

same for all the stripé-igure2-37(a)), as opposed to the possibility that the member may
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be restrained differently in partsthe ends. For instance, as showirigure2-37(b), the

upper part of section is simply supported and the lower part is clamped.

"= e.g.,S-S

| — eg, C-C

L1 L1

(a) uniform boundary conditions (b) elemesise boundargonditions

Figure2-37 uniform boundary conditions and elem&vise boundary conditions at the
ends
In the latter caséFigure 2-37(b)), the boundary condition carelspecified strigoy-

strip (elemenwise) in FSM. The stability solutions dhe boundary case irfFigure
2-37(b) are provided as a function of member length Rigure 2-38. In FEM,
complication arises on how to appropriately handle the warping fixity-Gf @®undary
conditions implied in FSM. In our model®r convenience, the terfilocally fixedd i s
used to represetihatthe cross sectiomf C-C boundary condition pars assumed to be
warpingfree whilet h e fleballjnfixdd r e p r e the ordss sectiom aftC
boundary condition part is assumed to be warping figilbsct fixity (or realized through
rigid body definition). The FEM solutions ifrigure 2-38 demonstrate significant
differences fronthe FSM solutions. FSM uses longitudinal shape function to represent
the longitudinal field, thus the discontinuity at the boundaiween SS and CC still

preserves in the |gitudinal direction. This clearly violates the concept of S¥i®n ant 6 s

73



principle that the discontinuity should only affect a small region at theGomsiderthe
stress distribution of a plate under compression with mixed boundary conditiends,
where half of the nodes are clamped and the rest are simply supported. The stress
discontinuity as shown irFigure2-39is only observed aheends (Thoughfrom a strict
point of view, the stress contour shownén&éom FEM (ABAQUS von Mises stregss

the smoothed stresskmindby averaging the discontinuous stresses element by element.).

60 v - - - T
—+— FSM elem. boundary
—4— FEM locally fixed

S0 ~+ FEM globally fixed

Critical load, kN
w
o
I

20 4
10 .
O £ 3 3 r r r r c¢ 3 3 r _r r r c ¢
10° 10° 10"
length,mm

Figure2-38 Stability solution of FSM and FEM for mixed end boundary cbonis
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Figure2-39 Stress distribution of plates with mixed end boundary conditions

2.8  Summary

The application of the serainalytical finite strip method to general end boundary
conditions (simplesimple, clanpedclamped, simpkelamped, clampeduided, and
clampedfree) is explicitly derived, implemented, and validated. The validation studies
show excellent agreement between eigenbuckling solutions by FSM and shell FEM with
general end boundary conditions.

However, one must take care to insure enough (or the proper) longitudinal terms are
included in the series to capture all buckling modes of interest. For any end boundary
condition other than simple supports, multiple longitudinal-halfes participate inhe
solution, even when simple buckling patterns may be visually identifteel relationship
between signature curves and general FSM solut®reals the buckling characteristics
of local, distortional, and global moddsongitudinal terms of greatestterestsincluded
in the buckling analysisre then recommended as an approximation to increase the

computational efficiency.
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Springs are appropriately accounted in the FSM modeling. Verification studies show
excellent agreement witlan analytical solutionfor global buckling. However, pre
buckling stress in FSM is differeftom that inan FEM modelwith springs especially
for beam membey resulting in different buckling predictiomnalyst should be aware of
this difference.

As demonstrated herein thundary conditions should not be mixed in the same

FSM model
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Chapter 3 Constrained finite strip method for general end boundary
conditions

3.1 Introduction

In recent years two new approaches have provided a formal means to identify the
stability of thinwalled members: Generalized Beam Theory (GBT) and the constrained
Finite Strip Method ¢FSM) see[38] for a full comparison. GBT andFSM employ a
series of mechanical assumptions that separate the modes. In the case of GBT the
implementation is in the form of an enriched beam element transformed from nodal, to
modal, degreesf freedom. In the case @FSM the implementation is in the form of
constraint matrices that separate the degrees of freedom into those consistent with local,
distortional, and global buckling. Further, while GBT has been implemented for general
boundaryconditions[31, 32] cFSM has not. The attraction of formal identification of the
buckling modes is notugt a theoretical one, as design methods such as the Direct
Strength Method4] directly utilize this information to predict ultimate strength.

The existingcFSM implementatiorj26-28] is limited in its applicabilityto simply
supported end boundary conditionSiven the successful validation of the finite strip
method for general boundary conditions, nansgply-simply (&S), clampedclamped
(C-C), simply-clamped (SC), clampedguided (C-G), and clampedfree (C-F), this

chapterexplores the fundamental derivations required to extend the constrained Finite
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Strip Method, ocFSM to any boundary conditiofirst, he focus of the discussion is on

the derivation of the constraint matricd=y)] appropriate for constraining the gerera
deformation fields to globaly), distortional D), local (), or other §T70) deformations.

Then, possible transformation of the constraint matrices inside each separated subspace
(G, D, L, ST/Qis discussedlhese different constraint matrices ardemhifferent bases.

For modal identification purposg differert normalization schemes othe basis are
available and how to categorize the identification coefficients lasompacts on the
participation resultHence recommendations on the choides basis and normalization

are dscussed for automated strength prediction by establishing agreed upon methods for

modal decomposition and identification.

3.2 Buckling mode definition

The essential feature aFSM is the separation of general deformations thtise
deformations consistent with Globab); distortional D), local (), and other $TO)
deformation modes. The deformation modes are defined by the mechanical assumptions
inherent within each mode. These mechanical assumptions are motivated from the
pioneering work of Generalized Beam Thed®1, 32] and have been successfully
implemented in FSM for S boundary condition$25-28]. The mode definitionsenter

on the following 3 mechanical criteria:

Criterion #1- VI asov 0s h y(pgwm t=hOg sei there is( ro )iplane shear,

) (X = 0, ie. there is no Huplane transverse strain, and

(c) vis linear inx direction within a flat part (i.e. between any two fold locations).
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Criterion #2- Longitudinal warping: (av I, i.eOthke warping displacement is not
constantly equal to zero along the whole cresstion, and(b) the crossection is in
transverse equilibrium.

Criterion #3- Undistorted sectiors,, = 0, i.e. there is no transverse flexure.

In general Criterion 1may betied to classical beam theory, as named VI as ov 6 s
hypothesis.While warping is allowed, certain membrane deformations are restrained
through no irplane shear and transverse strain. In addition, even warping should be
linealy distributed within a fit plate. Criterion 2 indicatesthat nonzero warping
(longitudinal, orvdeformation) should exist in the cross section. Since local plate
deformations have no deformation at the center plane of the platengituldinal
direction (only bending plate deformation), this provideseparation between local plate
deformations and other deformation modes. Criteri@ssntiallyrelates tadistortion of
the crosssection. Theoretically, thisrovides a means to septeglobalfrom distortional
buckling modesthough the separation is realized through a practical understanding about
global buckling mode (of course, still satisfying this criteriofistead of checking the
transverse flexuras shown later in derivintpe Rs constraint matrix

The separation of thé&s, D, L, STO deformation modes are completed by
implementing the above three criteria as detailedable 3-1. The modes implied by
these criteria are igood agrementwith current practice for a wide range of practical
problems. However, cases exist where the applied definition leads to results not in line

with current engineering practi¢gl].
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Table3-1 Mode classification

G D L STO

modes modes modes modes
Criterion #ZX-Vlasov's hypothesis YES YES YES NO
Criterion #2-Longitudinal warping YES YES NO N/A
Criterion #3-Undistorted section YES NO N/A N/A

3.3  Notations and framework of constrained finite strip method

The basic notation, coordinate systems, etc. establisi@dapter2 (Figure 21) for
conventional FSMapply here as wellLongitudinaldisplacement$V) play a special role
in cFSM, and owing to a shared terminology with Generalized Beam Theory are
generically termed warping displacements. This may be distinguished from the transverse
displacements y,W,C) which occu in a given strip

An additional classification for the nodes is also introduced: main nodes (at fold
lines, indicated with a subscriph without brackets) and sutodes (within the flats,
indicated with a subscri) as illustated inFigure 3-1. Therefore, the total number of
nodes (or nodal lines) ig consisting ohmmain nodes ands subnodes fm +ns = 1.
Also, the total number of plate elements (or stripshi$)(and the totahumber of main
plate elements (or strips) (8m1). For the derivations presented here the sequential node
and element numbering systems depictedrigure 3-1 is assumed. Thus, only open
singly branched crossections are considered at this point.

OnceX andZ (global) coordinates of all the nodes, thicknesg)(of all the strips,
member lengthd), and material properties are known, a member can be defined. The

width and angle i and U, respectively) of the gps is calculated from the nodal
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coordinates. In the following derivations individual nodes are referenced by subscripts,
e.g., theX coordinate of the first nodal line is¢;, while strips are referenced by
superscripts in parentheses, e.qg., the widttheflast strip isb' "', 'of the width of the

last main strip isb¢ " ™% 1)

@ external main nodes

QO internal main nodes

o subnodes

Figure3-1 Node classification and numbering scheme

The key feature otFSM, and similar to the work established[&€], is that the
general displacement field may be constrained to any modal spa@éeld, L, STO or
any combination) via:

d=R,d, (3-1)

whereRy is the constraint matrix for the selected modal space(s@iamlthe resulting
deformations within that space. Note, here subsbftipgfers to the modal spadg,(D, L,
ST/O or any combination thereof) and tnmembrane deformations as in the stiffness
matrix derivations. Also note, in the case of general boundary conditions where the
longitudinal displacement fields are a series the total DIND=4nxq, instead of #A
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where q is the total number ofn longitudiral terms included. This is obviously a
significant expansion over then4oroblem size of[26]. Thus Ry which in [26] is
4nxdimension of the giveM space, is nowxdimension of the giveM spaceq. Ry is
the key towards applications otFSM in terms of modal decompositiomnd
identification

Modal decomposition is illustrated through constraining the eigenvalue problem of
Eq. @-31). Introducing Eq. (@) into Eq. @-31) and premultiplying by Ry', the
constrained eigenvalue problem for mode or mddessults:

K..F. =K, ,F,L (3-2
where, Kemw and Kq v are the elastic and geometric stiffness matrix of the constrained
FSM problem, respectively, and defined Kasy=Ru'KeRw and Kg v=Ru' K Ru; ¥u is a
diagonal matrix coraining the eigenvalues for the given mode or modesRane the
matrix corresponding eigenmodes (or buckling modes) in its columns.

Combineddefined constraint matrices of eastibspace@, D, L, STO) span the
original FSM DOF space, armtovide an alternativebasis organized i, D, L, ST/O
Using thisbass, any nodal displacement vectdr,(deformed shape or buckling mode)
may be transformed into the basis spanned by the buckling classes, via

c=R'd (3-3)
where the coefficients in represent the contribution to a given column of b&sishe
participation of each mode class is calculdteded on these coefficientsowever, the
participation is not unique and largely depends on tiwces of basis, normalization
scheme of the basis, and also how to calculatg@dhtcipation for each subspace given

the contributiorcoefficients
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Systematic explanation and study of these choices influence on both modal
decomposition and modal idefntation resultshas been provided {52] for S-S stability
solution represented by signature curgelditional discussios will be expanded to

general FSM solutianin this chapter.

3.4  Derivations of constrant matrix R

As discussed abovedhe constraint matrix plays a central role oFSM. The
constraint matrix for each buckling clasz, O, L,andST/Q is constructed by exercising
the standard FSM spabased on the criteria providedTiable 31. The samestrategyas
in [28] is followed The constraint matriRgp of GD spaceis defined by enforcing
criteria #1 and #2, and then separationGid space intoG and D is conducted by
following criterion #3. Indeed, defining the constraint matsde&s and Ry is the most
challenging The constraint matrices for and ST/O are formedsequentially and

relatively easier by employing their related criteria.

3.4.1 Derivation of Rgp

3.4.1.1lmplementation of Criteria#% VI asovds hypothesis
When considering Vinassoake disregrdeg and bnéy smais ,
nodes are considered, which areuassd to be numbered frointo nm The width of the

flat plate between main nodes is denote.a$he displacement fields are defined in

terms @f)>2Bg..6sCo(ndi tions (a) and (b) of
eX:E:Oandgxy:w+w:O (3-4)
MX by X

Consideringg=0 implies:
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(3-5)

where subscript 1 and 2 refer to the main node numbers, similar expressigrise
derived for 2,3 etc. Noting that alf,; area function ofy alone, and thay is arbitrarily

chosen in the longitudinal direction, the coefficient¥@f must be zero, thus:
Uy =Uy =Yy form=1, 2, ¢é, ¢ (3-6)

Consideringd,=0 implies:

_u v _te Vi, Vamy @ R _
Gy = o+ = A @y (- ) iy, =0 (37)
o g™ b b mg”
AgainYpy,orYqNj in this case, must be zero for

U] = Ugr) = U] = (Y] = Vel )ﬁ form=1, 2,¢, &9
wherekm=m/a=mp/a. Thus, tle derivation is identical tf26] with the exception that
the notation nowricorporates then half-waves employed. The local displacements are
transferred to global displacements via E3§27); note local is equal to globaV (i.e.
v=V). Utilizing connectivity of the strips all of the globdl andW (at the main nodes)
may be witten in terms of the warping displacem&htThe procedure is identical [26]
and provided explicitly if48] the result of enforcing a) and (b) of VI aso

may be expressed as:

igvm[m] andW,, =- iCV (39

Unim = 1V
Ky m]

where Upmm and Winm are (mn-2) element vectors with the and W DOF for internal

main nales from2 to (hm-1) corresponding to longitudinal term, Vpym is annm
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element vector with th& warping displacements of the main nodes corresponding to
longitudinal termm, while S and C; are (nm2) xnm matrices containing only basic

crosssection gemetry data. Explicit expressiorsf S, and C; are provided inthe

following:
@sina® g & sina® sina®g asina® @
: - 0 0 00O
%Dzbm a ? Db” Dp” Q D,b® Q 3
é asina @ & sina® sina”@ éasina® 0 u
S1 :g 0 ? D b(Z) 8 ? D b(2) B D b Q ?D b(3) Q 000 03 (3'10)
6 4 4 4 4 4
é u
é 0 0 0 0 3 3 3 Ol]
g O 0 0 0 0 3 3 39
€cosa” 9 & cosa” cosa”d 4cosa" @ 0 000 o2
?D o 8 ? Db?  Dp? O ?Dzb‘” 8 o
é dcosa" @ 4 cosa® cosa®@ dcosa® @ u
5 0 - 0 0 Og 3-11
C.=¢ Eppo ¢ £ pp7 Dp7 8 Eppo 80 N 1D
¢ 4 4 4 4 4
é u
é 0 0 0 0 3 3 3 OU
g O 0 0 0 0 3 3 3y
The last featur f VI asovds hypothesis is that th

linear across the main nodes. The selected shape function implicitly ensures linearity
across a strip. Thus the snobde warping displacements (subscript s) are calculated by

linear interpoation:

Vim = BV (3-12
where,Vqm is a vector of the warping displacements of the-sotbes corresponding to
the halfwave numbem, and the elements of matri, are solely calculated dm the
strip widths, as i26]. Not e, VI asovds hypothesis does

external main nodes, but these aredheth subsequently in the derivation.
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3.4.1.2Implementation of Criteria #2 longitudinal warping

The £cond formal mechanical criteristates: (a) warping must be npero, and
(b) any transverse displacements must be in equilibrium within a-seatisen[28, 4§].
Gi ven Vlymthesiy & mbbdied in Eq-4B if warping displacementd/, are
nonzero then noizero transverse displacengriJ andW, at the main nodes will result.
To achieve (b) which requires equilibrium in the transverse @@s$on, thdJ,, and W,
at the main nodes are applied as kinematic displacements to an equivalerspanulti
beam model of the cros®ction, as dected inFigure3-2. This must be completed for

eachmterm, i.e. forg crosssections.

@ external main nodes

A

'O internal main nodes

o subnodes

u

()

nm-1

(a) cross section (b) equivalent mdpan beam (c) displacements at main nodes
Figure3-2 Crosssection model for enforcement of Criterion #2
In previous work, i.e[26, 28], the kinem#c displacements at the main nodég

and W, were solved for only a single longitudinal term, i.e. for only one esesson.

However, for gener al boun®&dy8):condi ti ons
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q q q
Um =a Um[m]Y[m] J Wm =a Wm[m]Y[m] ,and Qm =a Qm[m]Y[m] (3-13
m=1 m=1 m=1

Now, q crosssections must be solved with equilibrium enforced, whé#gy or Winm
denotes themain node movements of thg™ longitudinal term, i.e., the prescribed
disgacements.

The bending rigidity of the equivalent beam is identical with the transverse plate
rigidity of the member. The axial rigidity is assumed to be very large and the deformation
of the elongation or shortening is negligible. Thus, only moments @rsidered in
keeping the crossection equilibriumThus, terns related to axial rigidity E;t/b) in Eq.
(3-14) should be replaced by infinitdo external load is applying, but only the kinematic
loading expressed by the movement of the supports. Theduppvements are exactly
the global transvers®), W displacements of the internal main nodes. This equivalent
beam is a statically indeterminate systdimis problem may be solved using the stiffness
method. As a practical matter, the existing FSM elastiitness matrices Eq.2{17)
and/or £-30) may be simplified and used in the solution, see [11] for the explicit details

of the simplification. The strip stiffness matrix is simplified to:

e Bt 2
€ b u
¢ 12D, u
e 0 3 symm u
é b u
é 6D, 4D, O
_¢€ b2 b u,
ke,t -e E.t E.t u |1 (3'14)
g —L 0 0o = ]
¢ b b )
é 12D, 6D, 12D, N
e Y b u
e 6D 2D 6D. 4D Y
e O X X - X X u
é b2 b2 b G
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a
where I, = i, Y,dY, see Eq. (16) for other terms.
0
The local strip is transformed to global coordinates and assembly performed. Thus,

equilibrium of the crossection in the transverse direction is embodied in the matrix
stiffness expression:

Ke:di =0 (3-15)
whereKeis the global stiffness matrixk is the displacement vector of the displacements
(U, W, U) of the equivalent beam, amglis the vector of the nad forces for the same
DOFs. The kinematic displacements at the main nbleand W, are shown in Eq. 3
13) for general boundary conditions. Therefaleshould also take the form similar to
Eq. (313) which is a summation over longitudinal terms:

q
d, =8 (A ) Yo (3-16)

Eq. 3-15) is expanded into knowR, and unknowny, displacements and forces.

eKe,t,kk Ketiu @t,k g_ &2
(S uey, u—e;, Uu
éKe,t,uk Ke,t,uul]édt,uﬂ éjlt,ul,j

where the knowrlisplacementsl x are at the main node¥;, andW,,, and the unknown

(3-17)

displacements , are the remainintys, Ws at the suinodes and all DOF. Recognizing
that no external forces are applied and expanding the lower portion:

Ke,t,ukdt,k + Ke,t,uudt,u =0 (3'18)

Substituting the known and unknown displacements of Ef6)3nto Eq. (318), it

can be rewritten as:
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5 (Ke,t,uk(dt,k )[m] + Ke,t,uu(dt,u )[m] ){[m] = O (3'19)

m=1
Since the trangerse stress resultants should be in equilibrium of any cross skction

thelongitudinaldirection the coefficient ofYjm must be zero, which leads to

(dt,u )[m] =- Ke,t,uu_lKe,t,uk(dt,k)[m] for rn:l ’ é ’ (3'20)

Or inmore explicit form

&, .o

2 s[m] < N
c=-K_,. 'K E'Um[m]gfor m=1, é (3-22)
simlu et,uu e,t,ung u - ) v q
A U mim] U
&Qum Y

Thus, all terms which satisfy Eg3-21) meet part (b) of the criterion #2. As a
practical matter this may be completed tdyyrterm as suggeed above, oKe may be

assembled into a global matrix includinggterms.

3.4.1.3Assembly of Rp

Recall that the constraint matrices represent the means by which the mechanical
criteria of Table 1 are enforced on the general FSM displacement fieldsréyettahe
case of thé&sD space (of particular importance because it reflects the fundamental space
for GBT and in essence all deformations consistent with even expanded beam theories)
the requirement is that criteria #1 and #2 are enforced. Criteriavil3e employed to
separateG and D. The strategy of assemblii®sp is outlined as follows: 1) assemble
[Rep)m for each longitudinal termm; 2) assemble eachR{p];n into the largerRgp.

Note, eachRgp]m has submatrices as given below:

[RGD][m] :|_RGD,Vn{m]T RGD,Vs[m]T RGD,Un'{m]T RGD,anm]T RGD,Us[m]T RGD,WQm]T RGD,Q[m]TJ (3_22)
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Based on the derivations of the preceding two sections, the submatriées]in [
are determined as follows, and follow directly fr¢@€]. For Rgp,vnin, the selection is
arbitrary for the construction d®zp, thus the simplest solution is d&tp vnim €qual to

thenm-order identity matrix:
Reownim = | (3-23)
For Rep,v¢m the subnode warping displacementéy,) follow from Eq. 3-12):
Reovgm = B/Rooymim (3-24)

VI asovds hyp 8dplne andRepwhni imtheifodreos Eq. 3-9):

1 1
_SLRGD,Vn’{m] and Reownim = _ClRGD,Vn'{m] (3-25)

K K

Finally enforcing equilibrium at the crosgction level provides the remaining DOF,

Reoumm =

and thusRep,ugni, Rep,wsn, andRs b g are determined from E¢3-Q1):

gRGD,Us[ m 9

u_ 1 é,RGD,U[m] g
éRGD,Wim] u— Ke,t,uu Ke,t,ukg u (3'26)
A ) € Gowim] U
&Reo.om Y

Therefore, Rsp];ny may be obtained from its partitions, aRgp may be assembled for
eachlongitudinal tem as a partitioned diagonal matrix:

dRGD][l]

¢ 6 . (3-27)

RGD [m]
6

Rep =

coococoy

(DD~ D D~ D~ (D

[RSD][q]B

3.4.1.4Separation of Rp into Rg and Ry
Criterion #3 of Table 1 states that the only difference betwee6 @l D space is

whether or nothe crosssection distorts. Th&D space is characterized by the fact that
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warping displacements at the main nod¥g) fully define the displacement field.
Thus, the separation @ and D represents the determination of whivhy lead to
crosssecton distortion, and which do not.

As discussegbrevious, instead of mathematically exercising criteagi= 0, the G
space is understood to be spanned by 4 warping deformation fields: pure axial, bending
about any two nofwoincident axes, and torsion. ThemainingVym (size nm-4 DOF)
span theD space, which may be organized arbitrarily, though enforcing orthogonality is
convenient as shown [26-28]. In addition whennmO 4crosssectionlike L, T, andX
hasno remainingd space These crossections have their shear center exactly at the only
internal main node. Consequentially, the warping function for pure torque is constantly
zero over the whole cross sectidn. this sense, there are only three global buckling
modes left for these crosgctions and the pure torsional buckling mode will take place
among local buckling modg51].

To utilize the above information we seek a transformation madgi, such that:

&d
Heo =[He Hol, anddg =[He HoJ 5 (3-29)
pu

Introduction of this definition into Eq3(1), results in:
éd; o éd; o
d:RGD[HG HD]' ng[RG RD] Gg (3-29
D D

As shown, construction oRgp, Hg, and Hp lead to the separateBs and Rp
constraint matriceswhich are desiredAccordingly, construction oH is performed for

each longitudinal termm. Since warping vectors for each longitudinal term are
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proportional to each other and the magnitude can be any velgky[is assigned the
same for all longitudial termsm.

Calculations of Hg]nj and Hp]im are the same as [28]. [Hg];n are the warping
vectors defined by the warping distributions of the four global buckling modes (one axial
mode, two bending modes, and one torque mdde) warping distributions of these four
modes are illustrated ifrigure 3-3 for a channel section. Note, the dimensions and
properties of the channel sectiarenot provided for the concept of these distributions is
the important thing for this illustrationAlso note, G modes may be defined about
principle axes or about geometric axes. Also the pure torsion mode does not have to be

about the shear center, although CUFSM (and GBT) do choose to do this.

e N \

M N —_— S |

L i ———

(b) Major-axis (c) Minor-axis
(a) Axial (d) Torsional
bending bending
Figure3-3 Warping vectors of four global modes

[Hp]im is found by enforcing orthogonality to th& space withinGD, the

orthogonality condition follows the one used in GBT:

iy (v; (X)t(x)dx=0 (3-30)
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where the integral is over the whole crggstion,t(x) is the thickness, whilg(x) and
vi(X) are two arbitrary warping functions of tieandD space, respectively. Finally, this
leads to the following condition by integrating over the cisEssion:

[Holfy AHc) =0 (3-3D)
whereA is a matrix containing only cross section information. Henldg][; isalso the
same for all the longitudinal terms.

Specifically,Rgp is a partitioned @igonal matrix withg, nxnm submatrices, wherg
is the total number of longitudinal terms, thus the complete dimension )s ( gam).
Similarly, Hg is a partitioned diagonal matrigopulated withg, nmx4 submatricesand
Hp with g nmx(nm-4) submatricesConsequentially, the resulting constraint matrices of
Rz andRp are also partitioned diagonal matrices wjthx4 andnx(nm-4) submatrices in

the diagona(similar to Eq. (327)), respectively.

3.4.2 Derivation of R_

Determination of thed space (andR ) is bagd on criteria established in Table 1:
VI asovdéds hypothesis is enforced, there is
crosssection does not have to be inUaadWwi |l i bri
of the main nodes to the warping displacetr@nthe main node¥. Specifically, since
Virim 1S zero,Unnj andWing must also be zero. The condition of no warping at the main
nodes and linear warping distributions also implies no warping for thencuss,

thereforeVyn is zero. Thus, for the space:

RL[m] = [Rz,vm[m] RI,VS[m] RI,U RIT,Wm[m] RI,us[m] RI,WS[m] RI,Q[m]]T (3'32)

m{m]

RL,Vm[m] = [0]’ RL,Vs[m] = [0]’ RL,Urﬂm] = [0] and RL,Wn{m] = [0] (3'33)
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The ramaining displacements are loaalof the subnodes, localv of the external main
nodes, andj at all nodes. Transformation of the logaimplies global displacements of
the subnodesUgn andWyn. Thus, for the space:

Rousm =[S 0], Riwgm =[C; 0], andR gy =[0 1] (3-34
where,S; andCs are diagonal matrices (both withs#2)x(ns+2) dimension)] is the an
nxn identity matrix, andS; is expressed adgliag(-sinai,-sinaz€ ), and C3; as
diag(cos;,cosa,, €. Note,a; is the strip angle at the location of the giveh node, and
for subnodes the strip angle is the same for both nodes in the strip, by definition. Finally,

the full R. matrix, a partitioned diagonal matrix silai to Eq. (327),is constructed for

all mterms from theR ;,y submatrices.

3.4.3 Derivation of Rst/Ro

The applicable criterion for th€T/Os pace i s that VI asovds
violated: transverse strains and/or thepiane shear are nerero, and a nelinear
warping distribution between main nodes may eXsbm a mechanical point of view
like in GBT, this space includes the shear and transverse extension nhodekslition,
this spaces essentiallya spacexclusive of theGDL spacebut within thestandard FSM
spacei a null space ofsDL space mathematicallyrherefore, there are twapproaches
we canuse todefine this spac¢28]: 1) defire a set ofindependent vectors with unit
transverse extensions (tfiespaceRr) and unitshear deformations (tHespaceRg); 2)
employing a more mathematically approadkfineddirectly as the null space @&DL
(the O spaceRo). Null space of matriA is a set of all vectorsfor which Ax=0 in linear

algebra.
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For the ST space,S and T may be formed from strigvise shear and transverse
extension However, different stratégs lead to slightly differenRs and Ry spaces, e.g.
+1-1 for v in a strip, or +1, O fowv in a strip. ThoughS and T spaces are defined
separately, theress not much practical importander this separationTherefore the ST
space Rsy) aunionof SandT spaces is considered as a wholenostapplicatiors.

Forthe O space, a mormathematical approach is employed &ads defined as the
null space of th&DL space. Orthogonalization against tBRBL space may be in terms

of Ke, Kg, Or in a vector senseia:
[R I Reeu ] =0, PRI ] [Reou] =0, PR [Rea ] =0 (339

"Ro KeReot =0, “R,"K Rsp =0, 0r "Ry'Rep =0 (3-36)

Since Ke, Ky and Rgp. are known,the constraint matriXRo, °Ro and 'Ro are
respectively defined (as strain energy orthogonal, work orthogonal, and vector
orthogonal) although they are not uniqui.is worth mentioning thake is the elasc
stiffness matrix, an&y is the geometric stiffness matnixhen the crossection is under
axial compression. Th® basis obtained through Eq.-85) implies theO modes are
defined within each longitudinal term, without consideration of the potecdiapling
among longitudinal terms, and is referred to 8%, %R, and ‘R%, which are all
partitioned diagonal matrices Howev€&,modes defined by Eqg. {36) include all the
longitudinal terms (up t@); thus the problem size is significantly enlarg8thce theK,
andKy matrices are not partitioned diagonal matrices forsiorply supported boundary
conditions, theO spaces defined with respect to them are no longer a block diagonal

matrix as shown in Eq. {37) because of the coupling between theitudinal terms.
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Instead, it is a fully populated matrifdxnxq)x (4xnxq) , wheren is total nodes and is
the total longitudinal terms.

The other mode spaces defined abdwer &nd all kinds ofRo) are all equivalent.
They may lead to slight differenesults in modal decomposition and identification.

Recommendation based on numerical studies will be made later in this chapter.

3.5 Bases

Combined, e defined constraint matrices of edmickling mode classe$( D, L,
ST/O) spanthe FSM spacand represerd transformatiormnsidethe standard=SM space
In fact theyform an alternative basisf the standard FSM spaceganized inG, D, L,
and ST/Q While theRg, Ry, R, Rsi/Ro matrices define th&, D, L, and ST/Ospaces,
transformation of the bases insitlose spaces ialso still possible, and potentially

desirable.

3.5.1 Natural basis

In the constrained Finite Strip Methodhe initial separation of the general
deformations into thé&, D, L, STO spaces employ what is termed as the natural basis.
The full derivation of the natural basis has been illustrated in Section 3.4 by examining
the associated mechanical definitions of each sub<pate L,andST/Q In a practical
manner, lhe constraint matrix foiG, D, L, and STO can be constructed for each
longitudind term, m, individually as demonstrated ithe derivation. Note, O space
should be defined by Eq.3) excluding the potential coupling between longitudinal
terms.Thus, the constraint matrix R includi® D, L, andST/O is a partitioned diagonal

matrix as shown below:
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1

R,

6

(3-37)

(DD~ (D (D~ D~ (D~ DD
cooococror o

p—
J S}
a

wheresubmatrix[R] jm is the constraint matrix corresponding to longitudinal terpand
consists of four sumatriceq [R¢] m) [Ro] m) [Ru] im) [Rs1m) /[Ral m] -

However, for constraint matrix dD spacedefined by Eq. (86) considering the
potential coupling between longitudinal terms, the constraint m@Rtimcluding G, D, L,

andST/Qis a fully populated matrix.

@;[R]m 3 [Rluq 2
e 6 u
e u
R=€¢ 4 (Rl 4 U (3-39)
e 6 u
e u
gR][qll 3 [R][qq] 4

Each submatrix is organizedn a similar mannerasthe submatrices in Eq. (37),
and consig of four submatrices.However in this case, only suimatrix [Ro] jmn Of the
four submatrices isnonzero for the offliagonal submatrices in Eq. (38).

The natural basis has its own attractiveness because it is a straightforward
enforcement of the mechanical criteria underlying each mode. Further, the natural basis
defines the subspaces & D, L and STO, which areessential to the constrained
eigenvalue problem. However, the natural basis is not similar to the modal spirit of GBT

and thus an alternative basis is also explored.
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3.5.2 Modal basis

Suppose the constrained eigenvalue problem is solved within a certain sul@pace
D, L or STO) defined with the natural basis. The resulting eigenvector spans the original
natural basis subspace. Thus the new spanned subspace can be seen as another base
system for the same subspace. One important characteristic of this new siase isy
that the base vectors of each subsp&;ed( L andSTO) are orthogonal to each other
with respect to the elastic (or geometric) stiffness matrix. ,Atshas some physical
appeal, similar to GBT, in that only a few basis vectors may be neeatted avsubspace
since the deformations involve the full cresesction.

The modal basis is defined through the constrained eigenvalue sdilitioeach
subspace Depending on the loading conditions the eigenvalue solution varies and
accordngly the orthogoal base systeniTherefore, the modal basis can be defined by
using he simplest loadingaxid compressior(axial modal basisdr the applied loading
onthe membe(applied modal basisYhe constrained eigenvalue problem is the same as
in Eq. 8-2) excep that the load condition is axial compressfonthe axial model basis
and subscriptM is uniquely within each subspacé, (D, L, or STO). The elastic and
geometric stiffness matrices are populated withdadfyonal submatrices for norsimply
supportecboundary conditions, thus the stability solution is coupled with the longitudinal
terms even within the pure modes. Consequentlynbédal basis can be defined either

with consideration of the coupling effect or not.

3.5.2.1Uncoupled modal basis
Construction & the uncoupled ma basis is basically the same as in [6] except that

the constrained eigenvalue problem is solved repeatedly for all the longitudinal terms
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included and the column length is the physical length instead of the unit length.

Consequently,dr each subspace, the orthogonal axial modes can be expressed as follows:
(I_Rl-\rll ][m] [Ke][m] [RM ][m] - quTA J[m] |.Kg (S = l)][m] [RM ][m] IF M ][m] = 0 (3-39)
and the axial modddasis itself is constructed from

R b =[RSy [F w S (3-40
The physical result of this methodology is that the pure ma@g8ed,(L, or O/ST) are
only orthogonal within each longitudinal term.
If the constrained eigenvalue problem in EG3@3 is solved for the applied loading
instead of the axial uniform loadinthe applied modal basisan be constructed with

these eigenvectors as given below:

[Ro Loy = (R Lo [F e i (3-41)

3.5.2.2Coupled modal basis
If the longitudinal coupling e#fct is considered, the orthogonality of the pure modes
for each subspachl is no longer just within each longitudinal term. Thus, the new
orthogonal axial modes can be expressed as follows:
(RiK.R, - GRLK, (s =DR, F,, =0 (3-42)
The associated axial modaasis for each subspabk(G, D, L, or O/ST) with each
longitudinal term is expressed as following:
Ry =Ru®Fy (3-43)
Similar to the definition oRy in Eqg. B-36), the axialmodal bas R defined here

are no longepartitioneddiagonal matrices.
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For applied modalbasis:liM , It can be constructed by using the eigenvectors of the

similar constrained eigenvalyeoblem with applied loading instead of the axial uniform

loading.

3.5.3 Summary of the bases

The ratural basis is essential t6SM, thoughit lacks of physical appealwhile the
modal basis requais extra computational effgrbuthas more attractive physicappeal.
The potential basis choices are summarized in TableeRails of how to define the
subspaces3 andST) in natural bas are appendedvhich have negligible impact on the
solutions (i.e. modal decomposition and identification) though conceptlitidyent.

Table3-2 Summary of the bases

su _ Orthogonalization in subspaces
bsp Naturﬁl baS|S| (not Modal basis (orthogonal)
ace orthogonal) _ _
s Uncoupled® Axial Applied
Uncoupled Coupled UnEoupIed Coljpled
GD I:\>GD [ﬁGD]m §3D [R}D]m &D
G R, [Reln Rs [Reln Re
D Ro [Roln R, [Rol Ro
L R [R1. R [R1, R
Sh Tras. ext® _ _ _ ~ ~ ~ ~
romer | RLeRL | Rer |[[RlLcRRL| ReR
ST/ — =
Null of GDL R, or - [RJor | o5
O || . : i R, or L 0m= R, or
[RoLorlRoLorl Rl R | or'R.], sRorR, | [ FohorlRol, RorR,

(a) G modes may be defined about principle axes or about geometric axes. Also pure torsion mode

does not have tbe about shear center, though CUF@Wd GBT) does choose to do this.
(b) S and T may be formed from stigise shear and transverse extension, e.gl+#at v in a strip,
or +1,0 for v in a strip leading to different S and T spaces. It is (1,0) in our definition.

(c) Uncoupled basis means thelmpace of GDL or the orthogonalization is performed inside each
longitudinal termm. The resulted basis is a block diagonal matrix. Coupled natural basis refers to

R,=°R,0rR,0r'R, while GDL spaces are the same.
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For natural and modal bases (Wit coupled or uncoupled), there are several
choices of other spaagefinitions(ST/Q. In the current literature, and as provided in the
previousimplementation of CUFSMversion 3.12) the solution space is within one
longitudinal term so no distinctiobetween uncoupled and coupled bases is necessary.
Note, with the preceding notation all currently existelSM basis definitions (only
involving a single longitudinal terrm) may now be defined for general end boundary
conditions, the:

1 natural base syste(Rs, Rp, R, andRsy),
 partially orthogonal axial modalasis R;,R;, R, andR;;), and
T fully orthogonal axial mdalbasis R;,R,, R, and°R;).

Note, he above base systems follow the original notions in previb&M. For
general end boundary conditionzartially or fully orthogonal are obsoletelere the
focus is omatural basis, axiahodal basis or applied modal bagisupled or uncoupled
versus of said bases

Obviously, dher basisetchoices are possibiepending mainly on the selection of

other space definition${/0.

3.6  Normalizations

For modal identification purpose, base westought to be appropriately normalized
to provide uniform classification results.

The contribution coefficient) in Eq. 3-3) are dependent on the normalization (i.e.
scaling) of the base vectors (columnsRpfR, or ﬁ). Normalization may be achieved in

a variety of waysln existing work{25, 28], three options havieeen consistently pursued:
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vector norm; strain energy norm; and work nornR lis thei™ column base vector of the
natural basisR (here we only use natural badi&sto illustrate the definitions) the

normalizations are mathematically defined as:

1 vectornorm normalized by settingR | =1,

1 strain energy norm normalized by settindRT K.R =1, and,
1 work norm normalized by setting R'K,R =1.

where, K is the elastic stiffness matrix ari€] is the geometric stiffness matrix based

axial uniform loading as shown in Eq-89) or (342).
Given the rather extensive set of potential possibilities, based on bases and
normalization,Table 3-3 provides a full summaryNote, inTable3-3, the basis could be

coupled or uncoupled basis.

3.7  Modal decomposition

As briefly mentioned in Section 3&ith the constraint matrix in placi,is possible
to decomposehe modes to a specific clagseven to a single buckling mobtg solving
the constrained eigenvalue problem of E33). For general boundary conditions, the
procedure is the same as the existR@M except than longitudinal terms should be
included, vhich consequently enlarges the problem size.

To illustrate the capability afFSM for general boundary conditions, GeD, andL
modes are decomposed from the general FSM solution using the natural basis described
before and the critical loads are péat inFigure3-4 against the general FSM solution for

SSMA stud section 250S13&58 [49] under axial compression wite-C boundary

102



conditions. The total number oh longitudinal terms included in the FSM oFSM

solution is 36. Note, although several bases are defined in Section 3.5, the decomposed
sdution inside a mode clas&( D, andL) is independent of the selection of bases and
also whether it is normalized or not. Corresponding generalized beam theory (GBT)
solutions are also given ifrigure 3-4. Though GBT enriches the cross section
deformation with modal based degree of freedom finite element discretization is

employed to represent the longitudinal field.

—FSM All
800 « GBTAIl |
S A cFSM L
g * GBT L
700 N cFSM D
“ GBTD
600 A A cFSM G
< 40 GBTG
-~ 500 % =
x_ “' *
a° 400 A ]
Y / *
300 X o % h N
TS iazxx ﬁgﬁé - Aea(e** * k% « X X X
200 x XX :
100 :
0 P | v v v ' Poror v v v T N [ ox
10° 10° 10*
length, mm

Figure3-4 FSM and pureFSM solutions again&BT solutions
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Table3-3 A summary of normalized subspaces

Normalization

Space Orthogonalization
Strain Energy Work Vector
No (Natural) R,'j' R,'j' R,[‘A"
M=G,D,L or . = = =
] Axial Modal e lgl v|
combinations xiatvoda R Ru Ru
Applied Modal ﬁlj' ﬁg}f' R'X'
No (5+T) 1 R l
ST Axial Modal (5+T) | R or RICR® | R or RIC R | R or RV C RM
Applied Modal ~ ~ ~ ~ ~ ~ ~ ~ ~
P "o RIGR! | RYor RICRY | R o RIGHY
eR|De| eRg;]| eR(l\)ll
No (null of GDL) IR IR IRM
RS RS G
R R R
Axial Modal (null of a5l 95lgl 95
o GDL) R
vﬁ(l)el vF_%gl VF_%VI
eﬁ(l)el eﬁ(l)gl e'R"’gll
Applied Modal (null 95l g ﬁgﬂ gpM
of GDL)
VF~2C|f' V§C|)g| vF}gI
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The conventional FSM solution has three buckling regimes: local, distortional, and
global buckling. These may be ascertained along the length by exgrtheitirst mode
at each length. In the local buckling regime, th&M solution for pure locabuckling
shows excellent agreement with the conventional FSM solution. The solution for pure
distortional buckling modes IgFSM suggests a stiffer responsentitanventional FSM,
as shown inFigure 3-4. For long members, theFSM curve for pure global buckling
modes shows the same tendency as conventional FSM but modestly higher critical loads.
These observations are ewstent with previouscFSM results on simply supported
boundary conditions.

Comparing the FSM and GBT, the general solutions from the conventional FSM and
GBT report almost the same results with the relative differences within 1%. For longer
members, theyre local and distortional buckling modes show a significant difference in
critical loads betweeoFSM and GBT.This is because bottFSM an GBT need firre
mesh (increase the longitudinal terms in the analysisH8M) to capture the multvave

local anddistortional modes. As studied in Section 2tfe most important longitudinal

terms are neatl/L, and L/Lyq for pure local and distortional buckling modes,

respectively, wherég,andL.q are the separate local and distortional buckling-walfe
lengths of tle associated signature curye.the GBT analysis, mesh sensitivityustbe
taken into casideration when using finite element discretization for longitudinal field.
To capture the relative short halavelength local or distortional buckling behavioraof
long member, the maximum element size should be less than thedvaliength othe
local or distortional buckling modé&hus, the GBT results shown kigure 3-4 require a

finer mesh to obtain a better accuracy.
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To illustrate this, pure local and distortional solutions arenayzedand provided
in Figure 3-5 by using thelongitudinal termsrecommended previouslpr cFSM (see
section 2.5)For longer members, the local and distortional plea@ae obtained similar
to what is implied irFigure2-17.
Additional fundamental differences also exist betwegi$M and GBT, owing
primarily to the different mechanical backgrounds of the two methods. For example, in
GBT the global buckling modes are handled by a beam mattebwonstitutive law that
foll ows the 1D f or nFSM fsolutiboscake edicslated anwvg platwh i | e
model t hat obeys t hghis2zeBultsfiroa systernatic difmm ke 6 s | @

the reporteds solutions.Further discussionan be foundn [27].

T
f

——FSM solution
—CcFSM pure local
-6-cFSM pure distortional
—CcFSM pure global
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Figure3-5 Modal decomposition afFSM
A comparison of thddentified mode shapes for FSM and pure meo#&M is

provided inFigure 3-6. At L"=490 mmin Figure 3-4, the ' buckling mode is shown in
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Figure3-6(a), this mode may be visually identified as distortional buckling (though other

modesarepresent as shown later in the modal classification) with a critical 10226
kN, and the 8 mode, as shown ifigure 3-6(b), is identified as local buckling with a
critical loadof 227.3kN. ThecFSM pure distortional and pure local buckling modes are

also provided inFigure 3-6(c) and (d) with critical loadsfo250 kN and 230.4 kN,
buckling loads are slightly higher than the general F®&8peciallyfor distortional

respectively. Consistent with the ctmagning nature of the pure madsolutions, the

buckling
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Figure3-6 Buckling modes of the conventional FSM aEM
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(c) Distortional mode ofFSM
Modal decomposition may also be used to search the participation of longitudinal

terms for purdocal and distortional buckling, and then these longitudinal tersesito



force the member to buckle in local or distortional buckling mode as described in the

application with DSM sectioim Chapter 6

3.8  Modal Identification

TheG, D, L, andSTO subspaes, as definelly the constraint matriceR, providea
complete alternative basis to the standard FSM basis and represent a transformation of
the solution from the original nodal degrees of freedom to a basis that seaiatds
andSTO modes After gopropriate normalization (i.e., scaling), this basis may be used to
evaluate the contribution of the different deformation mo@ 4, L,andST/OQ on any
general deformed shape. This procedure is known as modal identifictumhal
identification provides a means to determine the contribution of the different buckling
classes@, D, L andSTO) in a given FSM stability solution. For the case of FSM with
general boundary conditions, the essential idea of modal classification is the same as in
existing cFSM except the summation oven longitudinal terms increases the problem

size.In addition, coupled and uncoupgleases increase the complication as welsing

the definedcFSM bases, naturaR){ or modal basig R ,or ﬁ), any nodal displacement
vectord, which can be any deformed shape or buckling mode, may be transformed into

the basis spanned by the buckling classes, via
c=R'd,c=R'd orc=Rd (3-44)
where the coefficients in represent the contribution to a given columrRafR ,or ﬁ).

Modal classification can be achieved by summing the coefficients corresponding to the

columns of a given clas§&( D, L or STO). Hence, for the categorized buckling classes,
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G, D, L,andST (or O), with organizedconstraint matrixR, the contribution relation in
Eq. 3-44) may be rewritten as:
eC. ¢

17/
€c U

dZ{R R R RJ/RE U (3-45)
U

whereCg, Cp, C., andCsr/oarecolumnvectors that include the contribution coefficients
for each vector inside each deformation class. Note, the coefficients are depmident
on the selected basis (eQjlvs. O) and onthe normalization of the base vectors (i.e. the
columns ofR).

Two options are considered for calculating the participatmg) 6f spaceM in a
general deformatiord] given the contribution coefficients)(

f L' norm: which also may be regarded hs absolute sum\{anhattan distande

and is the method employed in CUFSNRY)]:

4
pu =[Cul,/  &lCul, (3-46)

M=G,D,L,ST/O

¢ L?norm: also known as Euclidean norm:

4
pu =ICul,/  &lCul, (3-47)

M=G,D,L,ST/O

where ||l and ||| are defined as:
X, =& x| and|x],= & %’ (3-49)

For block diagonal base®.g., natural basis, uncoupled modal bass)ely for
computational efficiency, the modal classification can be performed for each longitudinal

term, instead of solving Eq.344) for all the longitudinal terms as a whole. The
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computational effort is significantly reduced, especially when many longitudinal terms

are included in the analysis. Also, the classification can be performed within each
longitudinal termbased ori.* or L? normand then added together with weighting factors

that are the contribution of each longitudinal temmas shown ir}53]. This is referred to

as twhightediiffactad appr oach t o mkhoughl ths edpraxtsis f i c at
obsolete, some results can be founfbis].

To illustrate modal classification for general boundary conditions, the conventional
FSM stability solution provided irSection 3.7 for modal decompositidhas been
examined for the participation of ti D, L, andSTO. The classification results at three
separate lengths (local, distortional and global buckling regimes) are provided for the 3
differentcFSM bases with the corresponding GBT result§able 3-4. Note, the natural
basisR refers to the basis that consists R Ro R_ Rsq] with vector nomalization; while
the axial modabasesconsist ofST space with vector normalization Section3.5. The
uncoupéd axial modal basisre defined without consideration of the coupling of
longitudinal terms asn Eqg. 3-39) while the coupled axial modal basis considers the
coupling of longitudinal terms as in E@-42). Note, fr natural basis and thencoupled
axialmode basisthe constraint matrices are block diagonal.

Table3-4 Participation of G, D, L an8T for C-C boundary conditionsrector norm

Sum Local Regime at 137 mm Dist. Regime at 490 mm | Global Regime at 2009 mn]
Opton | G D L ST | G D L ST | G D L ST
L! 05 14 927 55| 09 318 636 36|90 12 14 15
L2 1.3 69 839 29| 22 796 174 07 |93 05 01 0.1
Axial modal ! 1.8 54 901 27| 1.8 620 347 15| 9%6 12 18 04
(uncoupled) | 2 13 71 908 07| 22 806 169 02 |93 05 02 00
Axial modal ~ L* 1.7 64 878 41| 20 622 347 11 (982 08 09 02
(coupled) L2 1.3 70 911 06| 25 839 134 02|95 04 01 00
GBT 02 15 983 nja| 36 529 436 nla | 9.8 01 00 nla

Basis

Natural
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In general,Table 3-4 shows that even at physical lengths where one buckling class
dominates, the different buckling classes nearly always participate in the sokdgion.
example, he distortional buckling mode at 490 mm shows this interaciigan though,
for certain casg the mode is nearly pure mode by one dominated buckling mode class
for instance, the global regime Trable3-4.

Obviously, modal identification is sensitive to basis as reportdaloe 3-4, where
slightly different participation results are found between different babtwe
significantly, summation optionf®r the contribution coefficients C hawaebig impact on
the participation resultsThe distortional buckling modet #90 mm demonstrates the
sensitivity to solution methad Paradoxically, thé* norm optionresults for the natural
basis suggest that local buckling dominates for what appears to be a distortional buckling
mode (see Figure 3-6). When theL? norm option is employed, all the bases report
consistent participation results with a distortional buckling contribution around B&s.
sensitivity of modal identification tnorm (* or L?) on contribution coefficients has éxe
studied by the author if52] for the signature curveThe key finding arereconstructed
for the member studied heréhe modal identification results with vector normalization
are shown inFigure 3-7. In Figure 3-7(a), modal identifications of natural and axial
modal bases show significant differences in the local/distortional transition regime when
usingL* norm; while ngligible differences are found when usithg L? norm. This trend
can also be found fromable 3-4, that natural, uncoupled and coupled axial modal bases
provide consistent and relatively close participation whienorm is ugd The fact that
the L? norm is able to provide participation predictions that are nearly independent of

basis as shown inFigure 3-7 (a) and Table3-4, suggests thathe L?> norm for
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classification htuls distinct advantagegigure 3-7(b) further illustrates the difference of
L*andL? norm in terms of participations for the same basis. The consistent result given
by axial modal basis of both andL? norm sugests that when selecting the basis, axial
modal basis should be preferred.

Basically,cFSM and GBT report similar classification results although with obvious
differences in the detailsThe GBT basisdefinition is more similar to the axial modal
basisin cFSM, and the sum option on the contribution coefficiemith L' norm. Close
results can be found between GBT ai$M with L' norm especially irthe distortional
regime at 490 mmas givenn Table3-4.

Similarly, participation of5, D, L,andST/Ousing work normalization can be solved
and is provided inrable 35. The classification results are similar to those in T&e
though slightly higheST participationis observed especially fahe natural basisThe
inconsistent participatiom the distortional regime predicted by tté norm still exists.
Although not as close #sosein the vector normalization cas@e L% norm still provide

consistent classification independent of bases.
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Table3-5 Participation of G, D, L and ST for-C boundary conditions, work norm

Sum Local Regime at 137 mm Dist. Regime at 490 mm | Global Regime at 2009 mn|
Option | G D L ST | G D L ST | G D L ST
L! 25 18 668 289| 15 246 618 121|847 35 26 9.2
L2 37 67 783 11.3| 31 658 288 22| 975 15 03 07
Axial modal  L* 71 49 758 122| 28 464 451 58 | 9.9 39 21 31
(uncoupled) | 2 36 64 8.9 32| 30 638 323 08|90 14 03 03
Axialmodal  L* 38 53 816 93| 29 513 435 23 (981 10 04 0.6
(coupled) L2 19 56 913 12| 35 747 214 04|95 04 00 01
GBT 02 15 983 na| 36 529 436 nla |98 01 0.0 nla

Basis

Natural

3.9 Recommendation of basis, normalization, and sumation of
participation options

Different bases, orthogonalization, and normalization options are lalealehen
employingcFSM, as presented previously. Though all the bases are mechanically correct
and equivalent, they do perform differently with respect to modal decomposition and
modal identification.Systematic explanain and study of theselection ofbasis and
normalizationhas been provideth [52] by the author based amstudy for signature
curve (S-S results) Combined with modal decomposition and identification in the
previous sectionrecommendationare provided in this section for userscbSM.

Although thenatural basisis necessary, theodal basids far more powerful. The
one exception to this is in th& space where separation of the deformations into
orthogonal directions has certain conwsrtes. For general use thdal basisvith an
axial reference load is logical, while the extension to other reference loads (e.g., pure
bending) is advantageous for certain problem specific stukiesddition, althoughthe
coupled modal basis is morealistic, the uncoupled modal basis holds the advantages in

computational efficiency and simplicitdncoupledmodal basiss recommended.
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Normalization of the base vectors is required, but strain energy norm is not
recommended. Both vector norm and workmare viable options. Mesh sensitivity of
the vector norm in modal identification solutions makes the work norm preferred when
possible. Work norm is recommendddowever, for simplicity, vector norm is also
recommended.

Normalization of the participatioresults is required, and the simplicity of thke
norm leads to its adoption in the literat{ip€-28] and previous versions of CUFS\25].
However, theL? norm is demonstrated herein to significantly reduce dependence on the
choice of basis when coupled with either the vector norm or work normL?fierm is
recommended and has been implementeldanatest version of CUFS§&4].

As far as the definition of the modes that violale ¥ s ovés hypothesi s
the O space, being the null space®@DL, is mathematally convenient, but the resulting
modes have little physical sense, and provide no advantage over the more mechanically
oriented definition of th&TspaceAlthough theSTspace is not fully orthogonal 6DL
(and hence termed partially orthogongkeviously) it is much more readily
conceptualized and leads to more consistent modal identification results in studied

examplesThe use oSTdefinitionis recommended.

3.10 Summary
In this chapter the theoretical derivation andmplementation of the constraihe
finite strip method ¢FSM) for the stability solution of thivalled members is presented
for general boundary conditions. The proposed method provides a means of decomposing

the general deformation field into glob#&b)( distortional D), local () andother O or
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ST) modes for general boundary conditions, i.e. sirspi@ple, clampegalamped,
simpleclamped, clampeftee, and clampeduided.
The theoretical background of the method for general boundary conditisimsws)
and the procedure for definindpe pure buckling modes (in the natural ba$is,is
explicitly presented. Alternatives for defining the oth@) (nodes either as She&) énd
transverse extensioif)(modes, or the more mathematical notion of the null ofGb&
space, are presenteddarelated options discussed. Utilizing thaturalbasisto define
the mode basigaxial or appliedby solving the constrained eigenvalue problem within
each spacis presentedSummary of the available bases and normalization is discussed.
Numerical exarples of modal decomposition of the stability results are presented
using the developed=SM methodology and compared with Generalized Beam Theory
(GBT). Further modal identification (providing the participation in 6D, L, andO or
ST classes) is stued for FSM stability mod® Recommendations for basis,
normalization of the base vectors, normalization of the participation results, and selection

of theSTor O space are made for usef cFSM.
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Chapter 4 Modal Identification for elastic buckling FE analysis

4.1 Introduction

With all the advances in computational powre finite element method (FEM),
utilizing shell elements, has become more common in analyzing the stability of thin
wall ed structures. F reolisbcemplexngeognetrec arad juquidry ¢ a b i |
conditions make it especially popular. However, for the elastic buckling problem, FEM
requires a laborious and subjective mode identification using visual investigation of the
mode shapes. A successful quantitative mode identification method tlsiognstrained
finite strip methoddqFSM), has been proposed for FEMckling analysis by Aday, et
al. [38]. The method uses the dmngl cFSM base functions, which correspond to simple
simple (SS) supportedend boundary conditions. &lier studieq38] show that the &
cFSM base functions are apgite only to end conditions without (local or global)
translational movement.

Recently,cFSM has been extended and implementedhieyauthor and colleagues
[46, 53, 54]. New base functions are proposed for more general end &rgusahditions,
namely: clampedalamped (CC), simpleclamped (SC), clampeeguided (CG), and
clampedfree (GF). In thischaptey these new base functions are applied ler modal

identification of buckling angses with general boundary conditions in FEM. More
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importantly, a fundamental set of base vectors aypgsed, which can potentially handle

arbitrary end boundary conditions.

4.2 Extrapolation of cFSM base function to FEM context

To completemodal identificationof an FEM solution, base vectors or functions
including the separation of fundamental gloh@), (distortional D), local L) and shear
and transverse extensio8T/O aregenerated from the constrained finiteistmethod
(cFSM). Sinceshell finite element solutianhavein general 6 degreef freedom(DOF)
(3 translational and 3 rotational displacements) while in FSM there are 4 DOF
displacementséi.e., 3 translational displacements, (v, W and 1 rotational idplacement
about longitudinal directionQ)) appropriate extrapolation of the base functionthe
FEM context is necessarased on the local FSM coordinat@sgure 2-1), the other
two rotational displacements can lh@&erpolatedfrom the FSM displaceant shape
functions.

Therefore, rotation displacement abowdxis is obtained via:

. (4-1)
Y

a,
Rotation about axis, which may be referreid asthe drilling degree of freedom,
can be hAndled in two ways: 1) ignore the normal rotation by settiieng DOF zero
(This doesnot imply there are noC, rotation in global coordinates because of the

transformation from local to global coordinates); 2) interpret the drilling DOF as a true

rotation of the vertex node:

SN (4-2)

q,
2y
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In the sudies, the drilling DOF is handled by following the first method. If the
analysis hasignificant geometri@and/or material nonlinearity, using the latteay be
beneficial. It is worth noting here that in ABAQUS shell element library, there are some
elenments excluding the drihg DOFs such as S9R5, S8R4, and S4R5, etc. ABAQUS
usually doesnot report t he r otfthd possnaa l di s
problem for our modal identification in which the rotational displacements are necessary
to corectly identify buckling modes.

In casethe nodes do not amide between FSM and FEM. Inpaiationcan be used
basel on the transverse and longitudinal shape functions in FSM.

It is worth noting here that special attention must be paid to the coordystens
used in FSM and FEM=SMG use of a lefhanded coordinate system means FEM and
FSM coordinate systems are nearly always different, therefansformationof the

displacementso theFEM solution isrequired

4.3  Identification Method
4.3.1 Minimization pr oblem

Once the base functions in the FE context are derivedtfiesSM base functions,
any FEM eigenvector can be approximated by a linear combination of these base
functions. In other words, the underlying idea is that given the base funélgns
including a set of base vectors in column, a linear combination coefficesftthese
base vectors is sought to fit the FE displacement velctdowever, the system of linear
equatiors to be solved is normally an overdetermined system. Such a system inssally

no solution, so the goal is instead to find the coefficiemikich fit the equations best.
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The problem can be mathematically expressed as:
O =0 - RecC (4-3)
where, derr is the residual reor of the approximationRee is base functions ithe FE
context, anct is the contribution coefficients. This is a linear least square problem where
the best approximation is defined as that which minimizes the sum of the squared residual
error. Therefee, a minimization problem given below is solved to find the best

approximation:

min d. d (4-4)

err—err

Substituting Eq.4-3) into Eq. é-4), the least square problem can be rewritten as

min (dFE - RFEC)T (dFE - RFEC) (4-5)
Provided that the base vectors Rag are linearly independent, the least square

problem has a unique solution based on the minimum condition:

dl(dFE - RFEC)T (dFE - RFEC)l =0 (4-6)
dc

which leads to the normal equation for the optimal solutfotihat provides the minimal

sum ofthesquared residual error:
RI-:rE I:\)FEC* = RIIEdFE (4'7)

4.3.2 Participation evaluation
Similar to modal identification itFSM, two options are availabks tohow the
participation of each mode class M (G, D, L, and ST/O) is summed:

T L'norm (used iff25)):
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po=lal/ A& [, @8)
M =G,

D,L,ST/O

M1 L?norm:

4
S d el 9

where ||l and ||| are defined as:
b, =& and|d, = & x*

The modal identification lsashownnear independencef choices ofbaseswhen
usingthe L? norm incFSM. Since the FEM base functions are derived fobi®M base
functions through interpolation based on the sHapetions; bgically, L> norm is also
preferred inthe FE modal identitation. Therefore, the FE modal identification in this
study is based on thé norm unless otherwise specified.

Since the modal identification is sensitive to bases the recaodede basis
uncoupled axial modal basis with ST definitiaa employed to pnde a consistent

solution. In addition, vector norm is usédit onthebase vectors in FE conteX-).

4.3.3 Error estimation
Themost convenient and simple way to measure the error is to evaluatentbren

of the residual erradey relative to theL?nom of the displacement vectdge:

ERROR: \/d(;rrrderr /\/d:EdFE (4-10)

4.4  Numerical studies: FSMlike boundary conditions
The £mianalytical fnite strip method (e.g., CUFSM) is basadspecially selected

longitudinal shape functions to represent the longitudinal displacement field. These
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longitudinal shape functions are intended to simulate the actual boundary conditions, i.e.,
S-S, GC, SC, GF, and GG, while certain restrictions may apply based on theseeshap
functions especially involving the warping displacement, which has great impact on the
buckling behaviors fora thin-walled member In terms of the FSMike boundary
conditions in this study, the boundary conditions of the FE model are set by thedimplie
boundary cases of the longitudinal shape functionsch®M. FSMilike boundary
conditions inthe FE model can be summarizasd given

1 S-S: warping free at both ends while translational displacements are restrained.
Warping fixity is added to the nodesthre middle length of the member.

1 C-C: warping fixed at both end while all the translational and rotational
displacements are restrained also.

1 S-C: warping free at simply support end while translational displacements are
restrained; warping fixed at clampedd while all the translational and rotational
displacements are restrained also.

1 C-F:. warping fixed at clamped end while all the translational and rotational
displacements are restrained also; the other end is free.

1 C-G: warping fixed at clamped end wilall the translational and rotational
displacements are restrained also; warping fixed at guided end while rational

displacements are restrained.

4.4.1 Finite element modeling
The shell finite element solution of the eigenvalue buckling analyperformed in

the commercial code ABAQUS. The member used to illustrate the application and
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capabilities of the proposed modal identification method is a symmetric lipped channel
section. The dimensisrof the cross sectioare shown inFigure4-1 anda straightline

model is employed (no round corners). The labeled dimensions are for thelioenter
model . The materi al i's assumed to be el ast
modul us of 210000 MPa 0Oan3d Plohies snoenndbsenrroast iloe

with the boundary conditions stated previously under axial compression loading.

‘ B=60mm |
O
Yy —— I} & & r Y ”
15
3
t=2mm s
S
£
o
o 1ol . . .
Im Discretization:
T Web: 5 subnodes

| Flanges: 3 sulmodes
| Lips: 1subnodes

— ¢ (] (] (] v

Figure4-1 Dimension of the cross section and discretization

The element type for eéhstudy is a 4hode, 24 DOF shell element (S4, a general
purpose shell element the ABAQUS library). Parametric studigggardingthe mesh
density have beenompletedby Aday et al. using ANSYS55, 56]. The Adrel ati
fined mesh i s us e d-notlesin #anges, web diips, respectvelyd 1 s U
In addition, the mesh density in the longitudinal direction is specially chosen to ensure
the aspect ratio adiny elementis between %2 and 2 except of the lips where the aspect
ratio isallowed to be as high & The solver to extie the eigenvalues and eigenvectors
is the Lanczos methodSelected buckling mode shapes from the FE eigeklibgc

solution(ABAQUS) are illustrated irFigure4-2.
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C-F, C-F, C-C, C-C, C-C, C-G,
CFR# CRAT g #1 #5 #7 #1
Figure4-2 FE kuckling modes for selected cases

C-G#3 C-G#7

4.4.2 Associatedase function

Based on the geometry and material properties of the eremthe FE models, base
functions can be built up following the procedureGhapter 3 It is logical that the
boundary conditions isFSM employed to build up the base functions should match the
boundary conditions ithe FE model. More specifically,ase function® from cFSM are
based on the boundary conditions correspon
base functiorR-g in FE context the associated longitudinal shape functions are employed.

The base functions built up through this deéfom are called theassociatedbase
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functions. It is worth noting here thanly for special ideaboundary conditionsas
defined abovearethe associatedbase functionavailable,otherwise no matching base
functions incF SM f or FE mo d eitiodssexish Sucmadsduatpreqaires d
adhoc base functions as proposed latesnd termedhe generalizedbase functions.
Sample base functions for different boundary conditions are illustrat&eyure 4-3.
Notice that the base function is characterized by the @estson deformation and the
longitudinal halfwavelength (reflected by the longitudinal temm). In addition, the
differences of base functiofer different boundary conditions are observed, astthted

for SS and GF. As stated before, the basis ¢&SM is uncoupled, thus, the base
functions of other than-S ignore the coupling effect between longitudinal terms as

illustrated for GF.

G1, | G1, | D1, D1, L1, L1, | G1, | G1, | D1, | D1, | L1, | L1,
m=1, | m=4, | m=1, | m=4, | m=L, | =4, | =1, | m=4, | m=1, | m=4, | m=1, | n=4,
SS | SS| SS| SS| SS | SS | CF | CF | CF | CF | CF | CF

Figure4-3 FEM base functions for different boundary conditions
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4.4.2.Modal identification
To fully capture modal information in the deformation modeghaf FE model,

sufficientlongitudinal terms (associatevith the smalkesthalf-wavelength modaeededl
shouldbe included in the base functions. For the member studied here, the longitudinal
terms inthe cFSM base functions are 40 in total (from 1 to 40 by default unless otherwise
specified) for all the boundary conditions. The modal identifications are performed on the
first 50 buckling modes of each case by using dbsociatedbase functionwith 40
longitudinal terms. This covers those modes that the buckling loads are less than N times
the first buckling loads (N is usually less than 10). Participations d&tHe, L,andST

along with the calculated errors for each mode in each boundseysecifically 5, G

C, SC, GG, and GF, are provided in the following figures along with the critical loads.

The modal identification for the-S FSMlike boundary conditions has been studied
in [55 though differenhother mode definitions (ST/O) are used[36], the other modes
O are the null space d&DL space with respect to elastic stiffness malktbwhile the
other modesST here are defined more directly from the shear and transverse extensions
of all the strips(See further in Section 3.4.3\s shown, other modes contributions are
negligible by ST definition. This is consistenith the conclusion drawn by the authors
in [52).

The resultsin terms of participation fomodes and their errgrare consistent with
those in[56]. The cFSM approximations are excellent and with small errors for most
modes. The the participation resudtgalso in accordance with engineering expectations.
DominantG, D, andL modes can be easifgund forthe case studied here. The higher

modes with significant errors (e.g., modes #45, #47, #49 and #5@im Eigure 4-9)
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are due to the lack of larger longitudinal terms in the base functions to acooloud
buckling withshorthalf-wavelengths. Including larger longitudinal terms will remove (or
significantly reduce) this error as illustrated for the case of #is81S-S boundary
conditions inTable 4-1. The errorsare reduced to negligibly small if theFSM base
functions include several higher longitudinal terms, and the participations are now more
in accordance with engineering expectations. In particularth®@d7" mode, this is a

local buckling dominah mode with some contributions of distortional buckling as
correctly predictedvhen including higher longitudinal terms in the base functi@ss

givenin Table4-1.

Mode P, (kN) Cem D= L S®m % Error, %

0 50 100 150 200 250 300 350 0 10 20 30 40 50 60 70 80 90 100? 2{5 4{5 6{5 8{5

==

Figure4-4 Critical loads, participations, and identification error of FE solution of FSM

like S-S boundary conditions
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Mode P, (kN) Cem D= L S®m % Error, %

0 50 100 150 290 2?0 3?0 3[50 0 10 20 30 40 50 60 70 80 90 ‘ 100? 2{5 4{5 6{5 8{5

Figure4-5 Critical loads, participations, and identification error of FE solutioRSiVH-

like C-C boundary conditions

128



Mode P, (kN) Cem D= L S®m % Error, %

0 50 100 150 2?0 2?0 3?0 3‘[50 0 10 20 30 40 50 60 70 80 90 100? 2{5 4{5 6{5 8{5

#2 |
‘\
[

\

Figure4-6 Critical loads, participations, and identification error of FE solution of FSM

like S-C boundary conditions
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Mode P, (kN) Cem D= L S®m % Error, %

0 50 100 150 200 250 300 350 0 10 20 30 40 50 60 70 80 90 100? 2{5 4{5 6{5 8{5

Figure4-7 Critical loads, participations, and identification error of FE solution of FSM

like C-G boundary conditions
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Mode P (KN) Cmm C L StTm % Error, %

0 50 100 150 200 250 300 350 0O 1005 25 45 65 85
T T T T T T i T T U [ I

#50

Figure4-8 Critical loads, participations, and identification error of FE solution of FSM

like C-F boundary conditions

(a) Mode 48 (b) Mode 47" (c) Mode 48"  (d) Mode 58

Figure4-9 Higher mode shapes of FE solution of F8ké S-S boundary
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Table4-1 Participations and errors of FE solution of F8ké S-S boundary conditions

by base functions with different longitudinal terms

Mode # 40 longitudinal terms in base functions 46 longitudinal terms in base functions
G(%) D(%) L(%) ST (%) Error (%) G(%) D (%) L (%) ST (%) Error (%
44 0.9 7.8 90.7 0.6 4.7 0.9 7.7 89.2 2.2 11
45 2.1 35.6 61.8 0.5 99.6 0.8 4.1 92.8 2.4 1.6
46 50.9 47.7 1.2 0.2 0.5 48.8 49.1 13 0.8 0.5
47 8.5 69.5 21.8 0.2 93.7 3.0 241 71.0 1.8 1.5
48 10.0 731 16.7 0.2 0.8 9.9 72.8 16.7 0.5 0.6
49 21 37.1 60.3 0.5 99.9 0.8 2.8 94.0 25 24
50 10.8 68.1 20.9 0.2 97.9 2.5 15.1 80.2 2.1 2.3

In general, adding more longitudinal terms in the base functions will reduce the
errors. However, matrix singulty may be introduced too manylongitudinal termsare
includedand artificially highST mode patrticipation ishen observed. @ avoid this, one
can either exclud&T base vectorssince ST contribution is negligible; or restrain the
longitudinal termsso that smallest halflavelength is at least 2 times the element size in
the longitudinal direction.

For selected boundary condition cases; @nd GF, the FE deformed shapes and
cFSM approximated shapes are presentedignre 4-10 for selectedocal, distortional,
and global buckling modess determineffom identification results. As can be seen, the

cFSM approximated shapes are almost identical to the FE deformed shapes.
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cFSM FEM c¢FSM FEM c¢FSM FEM cFSM FEM cFSM  FEM cFSM  FEM

1SI 1SI 5th 51h 7Ih 7th 1St 1St 7Ih 7th 1 1’[h 1 1th
(a) GC (b) GF
Figure4-10 FEM deformed shapes compared with identified mode shapesk8M for

some selectethodes(add GF #3)

4.4.2.2Comparison to FSM

Since the boundary conditions thie FE models arequivalento those implied byhe
FSM longitudinal shape functiorfeote, the boundary coitibns can be only matched to
catain extent and not exactly identigalthe buckling solutions campotentially be
compared with the same loadirtdowever, exact match in the order of higher buckling
modes is not possible due to inherent differermweenthe FSM and FEM models and
the different eigemimode extraction method$hus, the comparisons are limited to those
modes that are distinct local, distortional, and global bucKthgracteristic modesand
these modes are usually th¥ldwest modes in their kindChe selection of the modés

based on observation, selectiohreasonably high modal participation and also mode
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shape Automating this process is an importaopic of future researci.he comparisons
betweenthe FEM solution and the FSM solution, in terms of the participations and
critical loads for the charagctstic buckling modesareshown inTable4-2. First, modal
identification of FEM and FSM solutns provides close participatigoredictionfor all
the boundary cases. Second, tfeglong member studied here, ardl loads of local and
distortional buckling modes are almost the saifiee differencesn terms of critical
loads between FEM and FSM are smé&lbr critical loag of global and distortional
buckling, the differences are negligible. However, FEM modeddipt critical loads 5%
higher than FSM fothelocal buckling mode.

Table4-2 Participations and critical loads of FEM and FSM solutions

Boundary Dominant Mode FEM solution FSM solution

case mode number| G(%) D (%) L(%) ST (%) P,(kN)| G(%) D (%) L (%) ST (%) P, (kN)
G #1 99.4 0.6 0.0 0.0 60.4 99.4 0.6 0.0 0.0 60.6

S-S D #3 1.4 95.5 3.1 0.1 160.3 13 95.3 3.3 0.1 159.5
L #9 0.9 10.3 88.4 0.5 201.5 0.9 6.9 91.8 0.5 191.0
G #7 90.3 9.4 0.2 0.1 201.6 88.0 115 0.3 0.1 201.7

C-C D #1 2.5 92.4 5.0 0.1 163.7 2.2 92.3 5.4 0.1 162.3
L #5 1.0 10.0 88.5 0.5 201.5 0.9 7.7 91.0 0.5 191.3
G #1 96.4 3.4 0.1 0.2 112.2 95.3 4.4 0.2 0.1 113.7

S-C D #2 1.8 94.0 4.0 0.2 159.1 1.6 93.9 4.4 0.1 157.9
L #8 11 9.9 88.5 0.5 201.5 0.9 12.4 86.3 0.5 191.1
G #1 99.6 0.1 0.3 0.0 22.0 99.7 0.1 0.2 0.0 22.1

C-F D #7 7.4 87.0 5.6 0.1 163.2 6.0 86.2 7.7 0.1 164.1
L #11 0.8 18.2 80.8 0.3 201.5 3.9 12.7 82.9 0.5 191.3
G #1 99.3 0.7 0.0 0.0 60.6 99.1 0.8 0.0 0.0 60.7

C-G D #3 2.3 92.5 5.0 0.1 163.7 3.2 91.3 5.4 0.1 163.2
L #7 0.9 10.0 88.6 0.5 201.5 0.9 9.4 89.3 0.5 191.1

4.4.3 Generalized base function

The associatease functions have beeardonstrated ithe previous section to be
capableof identifying the buckling modes of FEM solutions with-called FSMlike
boundary conditions. However, in reality, for instance in a frame, the boundary
conditions of a member may hardly be idealizedrgsof those defined in FSM. In most
circumstances, the memberéés end boundary c

instead of assuming free to move (no rigidity), sirgypported (only free to rotate) or
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fixed (no translational and rotational w&). In some complex systems, the influences of
the sheathing or claddinganresult in very different boundary condition scenarios than
those idealized in FSMDepending on connection detaitke boundary conditions at the
endscan even be mixed insidethe cross sectiorObviously, it is impossible to have
associatedase functions for each practical situatidhus it is advisable to find a set (or

a group) of base functions that handle not only the idealized -liK&Mboundary
conditions but also the one general boundary conditions aforementioned.,

generalizedase functions

4.4.3.1lIncapability of associated base function

Before the generalized base functisrproposed, let us examirgesingle set of the
associatebase function. Thassociatedbasefunction for S-S provides a fundamental
set because of the orthogonality property of the longitudinal shape functions. The
associatedase functiorfor S-S has been used to perform modal identification for FSM
like boundary conditions itheabove sectionThe modal identification results are shown
in Figure4-11 - Figure4-14for FSM-like boundary conditions other tharSSbyusingS-
S base functions inFSM. The critical bads associated with each mode are not shown.
For FSMlike C-C and SC boundary conditions,-S base function is able to provide
excellent identification results as demonstratedrigure 4-11 and Figure 4-12 with
negligible errors for most of the modes. Similar to identification results bgsbeaciated
base functions, some of the higher modes need larger longitudinal terms to capture the

smaller haliwavelength local buding.
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However, the S cFSM base function fails to correctly identifpany of the
buckling modes for € and GF boundary contlons. Many of the modes give relatively
large errorsthough several of them can be attributed to lack of higher longitudinal terms
to account for the smaller halMfavelength local buckling. Excapg those, the rest with
large errorshave a common feate the end of the buckling mode has translational
displacements (guided or free), which theS Shase functionhaving no translation
displacements at both endsannot capture.df instances, i mode in GG and GF as
shown inFigure4-2.

In addition, similar modal identification can be performed by using Gase
function for all the other FSNke boundary conditions. Although the results are not
shown here, it is found that-E base function is capabi¢ apprgriately identifyng the
buckling modes for €5, and even & and GC but not for SS.

It is worth noting that the discussion above is based on the predicted &hers
approximated participations are also consistent if #&d® GF base function is pable
of modal identification for other boundary conditions (e.gS #®r GC and GS, GF for
C-G, GS, and CC) althoughslight differencesare observedMore detailed comparison
will be discussedin the context ofthe proposed generalized base funtctim the

following sections

4.4.3.2Proposed generalized base function

A generalizedset of base functions can be defined in various waysethe SS
base functiorhas been proveto effectively capture modal participations of buckling
modes without translainal movements at the ends, adding base vettotkis base

function which are capable of identifying end traisihal movementsoeild potentially
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resolve this issueHence, auseful set is mposed as follows: augment the full set e6S
base functionsvith the fundamental E&F-C base functions added, whémmdamental
means theG, D and L base functions with one single longitudirierm m=1. The
longitudinal shape functions for-§& and GF boundary conditions are expressed as
follows:
$S:Y,, =sin(my/a) C-F:Y,, =1- co§(m- 1/2)py/a] (4-12)

C-F and FC are symmetric pairs that enable translationalemants at either end of

the member. The proposegeneralizedbase functions are the combinatiof S-S

functions with several longitudinal terms and thendamentalC-F and FC base

functions with onert=1) longitudinal term. A direct illustration of this combination for

AN N’» YA

thelongitudinal field is shown ifrigure4-15.

+

!

Figure4-15 Longitudinal field diagram: (a) €&F-Cm=1;(b)SS m=1, 2, é, 10

(@)

DA MAX

Note, theSTO base functions ithe fundamental &&F-C base functiongre not
included in thegeneralizedbase functins. Numerical studies showf STO base
functions in GF and FC for the m=1 longitudinal termare includedparticipations are
predicted with large(artificial) ST contributions compared to participations of the
associatedase functionlf only one (eiher from GF or from FC) set is includedtheST
participation is in the expected rangk.seems the similarities of the base vectors of a
pair (C-F&F-C), especially theST base vectors, are togreat even with onlym=1
longitudinal term, which magumeically result in highe ST participation. Therefore&ST

base vectors are not included in the base functankast for one of thenin fact, if
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both of theST base vector in & and FC for m=1 longitudinal tem are ignored the
solution provides almosthe sameST participation compared to ignoringnly one of
them. Thus, for computational efficiency, bo®T/O of C-F&F-C m=1 termsare not
included into the generalized base functiofss. will be discussed later, since t&&
participation is negligibléor most casg, all theSTbase vectors ithe generalizedbase
function can be excluded to save computational tigiNote, ST contributions are
generally small in coldormed steel since slar deformations are negligibleor~other
materials, thicker menay, etc. STparticipation can increase.)

Figure 4-16 illustrates selected S-S, GF and FC base functions with one
longitudinal term The first global, distortional, and local modes are presented for the
member déned in the previous Section (howevéhne length has been scaled doyvn

Differences are appant, especially at the ends.

2T

72

e

LI

%

t

R

& %

CFGl | FCGl | 5SS D1| CFD1

Figure4-16 S-S, GF, and FC of m=1, G1, D1, L1
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4.4.3.3Modal identification

Modal identificationis performed for the FSMike boundary conditions listed in
Section4.4 by using the proposegeneralizedbase functions. The longitudinal tesrm
cFSM base functions of-S are 40(from 1 to 40)in total with the fundamental base
functions of GF&F-C pairwith the m=1 longitudinal termonly. The participations for
FSM-like S-S arethe same as thosdentified with theassociatedbase functionskor
boundary conditions other than FSMe S-S, the modal identifications are provided in
Figure 4-17 through Figure 4-20. The anly difference is that the critical loadse not
provided

As far as the identification error is concerned, the erforsgeneralizedbase
functions are in the same level as thoasing the associatedbase functions This
indicates the applicability of thgeneralizedbase functions to modatlentification of
general boundary conditionat leastfrom oneaspect Moreover, the indication of the
participation results is also in accordance with engineering expectations. This can be
confirmed by comparing the modal identification participationghwihe selected

buckling modes othe FEM solutionsasshown inFigure4-2.
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Figure4-17 Participations and Figure4-18 Participations and
identification error of FE solution of FSM identification error of FE solution of FSM

like C-C by generalized base function like S-C by generalized base function
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4.4.4 Comparison of participations between associated and generalized base
functions

Similar to nodal identificationin the FSM solution, participatios of buckling
modesare sensitive to the choice of basis and normalization of the base vedtors.
FEM modal identification, all the sensitivitifermedin FSM modal identificatiorstill
existin FEM modal identificationln addition, thegeneralizedbase functions that are
built up from the base functions oFSM of two boundary conditions {S§, GF&F-C)
add one more complexity to the sensitivity

For the member studied with the FSike boundary conditions, the participations
given by theassociatedbase functions are deemed to provide the most reliable results.
The generalizedbase functions provide arpgroximated participation. Though modal
identification seems reasonapks shown in sectiod.4.3.3 direct comparisons with
those byassociatedbase functions are needed provide the verification of this
appoximation.The full comparisosof participationgdor FEM solutiors of C-C andC-F
boundary conditionsregiven inTable4-3. The relative differencef participations and
errors predicted bgeneralizedbase furtions to those byssociatedbase functions are
provided for the first 40 moded\ote, the first 40 modes usually provide enough
informationto find the characteristi¢G, D, and L) buckling modes. At the same time,

this canexcluce the higher modes witlarge identification errax e.g., 48 mode
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Table4-3 Modal identification differences by generalized base functions relative to those

by associated base functidios C-C

Mode # @G (%D (%L ( %BT (®) r c Mode# G (%D (%)L ( @®BT (p®) r o

1 2.2 -1.3 -1.0 0.2 0.0 21 12.1 5.3 -17.9 0.5 0.4
2 0.1 1.0 -1.2 0.2 0.0 22 3.8 17.1 -21.9 0.9 1.2
3 15.2 -11.6 -3.8 0.2 0.0 23 0.0 5.8 -7.0 11 1.2
4 0.8 0.5 -1.5 0.2 0.0 24 0.8 7.8 -9.5 1.0 0.9
5 0.1 -2.3 0.9 14 0.0 25 9.6 7.7 -18.1 0.8 2.6
6 0.0 -2.0 0.6 14 0.2 26 13 -5.6 3.6 0.7 0.0
7 2.6 -2.6 -0.1 0.1 0.0 27 5.1 11.8 -17.7 0.8 0.3
8 0.2 -5.1 3.7 13 -0.1 28 1.8 8.4 -11.0 0.8 3.3
9 2.4 -1.0 -2.7 1.4 0.7 29 5.6 -2.4 -3.4 0.3 -0.1
10 0.9 -1.4 -0.8 1.3 -0.4 30 0.2 15.0 -16.2 1.0 0.1
11 0.1 -0.1 -1.4 1.3 1.0 31 6.3 5.2 -11.9 0.5 15
12 13 4.6 -6.5 0.5 -0.1 32 -1.0 0.3 -0.4 1.2 0.0
13 5.6 -0.9 -6.0 1.3 1.7 33 -2.1 13 -0.4 1.2 0.0
14 1.6 -1.6 -0.3 0.3 0.0 34 7.1 121 -19.3 0.1 0.1
15 0.2 0.4 -1.9 1.3 1.9 35 2.4 7.1 -10.3 0.8 5.6
16 4.5 2.8 -8.4 1.0 -0.7 36 10.0 11.0 -21.3 0.2 4.3
17 12.7 8.7 -22.0 0.6 1.7 37 3.3 4.0 -7.9 0.6 5.0
18 0.5 7.5 -9.0 1.0 -0.3 38 5.3 -5.3 -1.0 1.0 0.0
19 14.4 -9.4 -5.3 0.2 0.0 39 0.1 -0.6 -0.8 14 0.0
20 0.2 2.4 -4.0 13 2.0 40 13.8 -0.6 -13.4 0.2 11.8

Statistical summary:
®G ( %D ( %L ( ®WHT @®BYror (%)

Mean: 3.6 1.4 -5.8 0.8 11
Min: 2.1 -11.6 -22.0 0.1 -0.7
Max:  15.2 15.0 3.7 1.4 11.8

Table4-4 Modal identification differences by generalized base functions relative to those

by associated base functions fefFC

Mode# @G (%D (%L ( BT (p®)r o Mode# @G (%D (%L ( ST ((@B) r o

1 0.0 0.0 0.0 0.0 0.0 21 5.8 -1.5 -4.9 0.5 0.3
2 15 -1.1 -0.4 0.0 0.0 22 4.8 -3.1 -1.9 0.2 0.0
3 8.4 -7.1 -1.4 0.0 0.0 23 4.5 -1.4 -3.6 0.6 0.4
4 4.5 -4.3 -0.3 0.1 0.0 24 2.2 -0.6 -2.0 0.3 0.0
5 4.8 -3.3 -1.6 0.1 -0.1 25 2.3 0.7 -3.6 0.6 -0.5
6 13 -1.4 -0.1 0.2 0.0 26 3.7 0.5 -4.8 0.7 13
7 4.6 -4.7 -0.1 0.2 0.0 27 4.5 -0.6 -4.6 0.7 0.9
8 3.1 -3.6 0.3 0.2 0.0 28 6.9 -2.0 -5.6 0.7 0.2
9 7.8 -7.8 -0.2 0.2 0.0 29 4.6 -2.9 -2.0 0.3 -0.1
10 5.5 -5.3 -0.4 0.2 0.0 30 4.9 -11 -4.3 0.6 15
11 0.3 1.4 -3.0 1.4 0.1 31 7.3 -4.4 -3.3 0.4 -0.1
12 1.6 0.5 -3.5 14 -0.1 32 6.9 -4.3 -3.1 0.6 0.5
13 2.2 15 -4.6 1.0 0.3 33 7.5 -4.5 -3.6 0.6 0.5
14 1.9 13 -4.4 1.2 -0.1 34 9.4 -5.8 -4.3 0.7 0.8
15 21 0.8 -3.7 0.7 0.2 35 3.0 -1.7 -2.2 1.0 1.0
16 1.9 0.8 -3.5 0.9 -0.1 36 3.7 -1.7 -2.9 0.9 0.3
17 5.0 -35 -1.8 0.3 0.1 37 14.0 -13.1 -1.2 0.3 0.0
18 4.2 -1.3 -3.3 0.4 -0.1 38 22.6 -20.7 -2.2 0.3 0.0
19 6.0 -4.0 -2.2 0.3 0.0 39 7.8 -5.9 -2.2 0.3 0.6
20 6.1 -2.3 -4.4 0.6 0.0 40 17.2 -16.8 -0.7 0.3 0.0

Statistical summary:
®G ( %D ( %wL (®WBT (@®B)ror ( %)

Mean: 5.6 -3.7 -2.5 0.5 0.2
Min: 0.0 -20.7 -5.6 0.0 -0.1
Max:  22.6 15 0.3 1.4 15

143



To begin with both base functions are capabferesolvingidentification error to a
practically negligibé level (sedrigure 4-5, Figure 4-8, Figure 4-17 and Figure 4-20).
Next, the differencesn terms of the participations are practically small for most modes
especially the firsBO modes.This is especially truéor distinct modes (e.g., mode #1
distortional, #5 local, #7 global ihigure4-17 for C-C). Further from anaverage point of
view, the differences are practically small for the f#8tmodesas summarized ifiable
4-3 andTable 44. Hence, it can be safeljoncluded that the participation resulte &
good agreement.

However, differences do exjseven significant differences for some moda®
observed inTable 4-3 and Table 44. Two observationscan be drawnfrom the
comparison tables:

First, he genenlizedbase functions in general tend to predict nBreontributions
than theassociatedbase functions andarely much higher(10 to 20%)than expected
This might be due to the difference of the warping distributions at the egdsénalized
base funtions and thessociatedase functiongsee Chapter 3 for definition of warping
distributions related t&D space) Fundamental base functions with warping free end(s)
are forced to adjusb more G contributions (sometimes alB) for the warping fixed
end(s)(e.g., GC in Table4-3) in the participationsHowever, this usually does not affect
the modal identificatiofior suitablypredicing the dominance ahebuckling mode, e.g.,
modal identification bygeneraizedbase functios of the 3 mode of GC still correctly
capture the distortional buckling dominance of the mode (with 77% D contribution)

which is the same as that bgssociatedbase functioa (with 88% D contribution)
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although largedifferences are luserved between the two base functions as shown in
Table4-3.

Second, drge differences usually exist in modes that are indistinct, or in other words,
highly coupledmodes though some exceptions exigor thesehighly coupledmodes,
since the differences of the predicted participations could be big, different base functions
may indicatea change in predictedominance for certaibuckling modes, such athe
21% mode of C-C; however, this israre In addition caupled mods may have
complicated posbuckling reserve anteducedultimate capacitythat should be treated
more carefully.

It is worth noting that neither thassociatedor generalizedbase functions are
A ¢ o r.iEeer thotigh FEM solutions of the FEMe boundary conditions identified by
their associatease functions itFSM are thought to be conceptually corracteastn
the sense of handlirthe boundaryconditions Howeverthe FEM solution in generatan
capturemore localized modes tha=SM even with the same boundary conditions. In
addition, most of the shell elementsmployedare based on Mindlin plate theory
accouning for transverse shegthe FSM solutions do nothat could make difference
in buckling analysis for thicker membes. Therefore,asin FSM, there are sensitivities to
basis and normalization, the base funcitself can be possibly treated as additional
sensitivity for FE modal identification.

Moreover,in elastic buckling analysis, we are greatly interested in chaisater
buckling modes (i.e., global, distortional, and locAl)comparison of the participations
by thegeneralizedbase functionsvith the associatedbase functions are given rable

4-5 for all the FSMIlike bourdary conditions The differences are smalbr these
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important modes which further validates the applicability of th@eneralizedbase

functions.

Table4-5 Participations of FEM solution by associated andegalized base functions

Boundary Dominant Mode FEM solution (Assoicated) FEM solution (Generalized)
case mode number| G(%) D (%) L(%) ST(%)| G(%) D (%) L (%) ST (%)
G #1 99.4 0.6 0.0 0.0 99.4 0.6 0.0 0.0
S-S D #3 1.4 95.5 31 0.1 1.4 95.5 3.1 0.1
L #9 0.9 10.3 88.4 0.5 0.9 10.3 88.4 0.5
G #7 90.3 9.4 0.2 0.1 93.4 6.4 0.1 0.1
c-C D #1 25 92.4 5.0 0.1 4.7 91.3 3.9 0.1
L #5 1.0 10.0 88.5 0.5 1.0 7.8 90.7 0.5
G #1 96.4 3.4 0.1 0.2 97.9 21 0.0 0.0
S-C D #2 1.8 94.0 4.0 0.2 2.0 94.1 3.8 0.1
L #8 1.1 9.9 88.5 0.5 1.2 7.6 90.7 0.5
G #1 99.6 0.1 0.3 0.0 99.7 0.1 0.2 0.0
C-F D #7 7.4 87.0 5.6 0.1 11.9 82.3 5.6 0.1
L #11 0.8 18.2 80.8 0.3 11 19.8 78.7 0.4
G #1 99.3 0.7 0.0 0.0 99.6 0.4 0.0 0.0
C-G D #3 2.3 92.5 5.0 0.1 4.7 91.3 3.9 0.1
L #7 0.9 10.0 88.6 0.5 1.0 7.8 90.7 0.5

In summary, thegeneralizedbase functions are a suitable substittbe the
associatedase function foFSM-like boundary conditios In fact,it is the only choice

for more complex boundary conditiom$iereno associatedasefunctions are available

4.5 Numerical studies: arbitrary boundary conditions

The proposedgeneralized base functions are capable of performing modal
identification for FEM models with arbitrary boundary conditioms. demonstrate the
capability of thegenerdized base functions, two setof boundary conditions are
consicered for numerical illustrationl) semirigid end boundary conditions; and 2)

mixed end boundary conditions.
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4.5.1 Semtrigid endboundary conditions

In a real frame, the boundary condioof a @lumn or beamare in general not
actually simplysupported or clampelut highly depenent on the connection detailing
and bracing Therefore, bothranslationaland rotational deformations at the ends are
influenced by the stiffness of the connections dhd overall frame system. For
individual membes in a frame, theboundary conditions are treated as segid
boundary conditions. Practically, appropriate rotational/translational springs are
employed tosimulate the semigid conditions.Threesimplified cases are illustrated in

Figure 7to represent the possible scenarios of sggid boundary conditions

[ E Kiiz
Kz K, Ke
e 3
K
(a) Case | (b) Case li (c) Case lll

Figure4-21 Semirigid boundary condition cases
Figure 7(a) showshe semirigid boundary conditions betweenrSSand CC with
rotational springs at ends, Figure 7(b) shows the case betw&ean@ GC with both
translational and rotational springs at one end, and Figure 7(c) shows a more generalized
semtrigid boundary ondition casevhereboth ends are capable of deforming translation

and rotation
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4.5.1.1Case |

To investigate the applicability dhe generalizedbase functions for sennigid case
I, anumerical example is studied for a semgid column that is warping fred ane end
and fixed at other end. The section is the samassection asised previouslyFigure
4-1) with a column lengtlof 2000mm. The stiffness of the rotational springs are all 300
N-m/rad on each node abtth ends (locally restrained rotational springse modal
identification results bygeneralizedbase functiong40 longitudinal terms in -§) are
presented ifrigure4-22.

Small errors are found for most of thedes except several higher modes that need
larger longitudinal terms to alleviate the error due to local buckingmall half
wavelength as explained ifection 4.4.2.1 The participation resultsare also in
accordance with engineering expectatidosind by examining the buckling modes.

In this semirigid boundary case, the warping is fixed at one end and free at the other
end, which is similar to € boundary conditions. For thimalled members, warping
plays a central rolen t he member 6s behavi or. The effe
important at least for columns. Therefore, although the local restrained rotational
springs (at each node) have been studied, conclusions can be drawn for globally
restraned rotational springs (at the end as a whole). The proposed modal identification

method has no problems handling both cases.
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Figure4-22 Modal identification of serarigid case |

4.5.1.Zase Il

For this case, twoptionsare studied to illustrate the proposed modal identification
method The two optionslependon where the springs are located at the end of the cross
section.

(a) Partially restrained at the end as a whole

The boundary conditions and springs are showlkigure4-23. The crosssection is
again that ofFigure 4-1 with a lengthof 2000 mm. The stiffnesses of the springs are:
Kx=20 N/mm, k=10 N/mm, K; =100 Nm/rad, K; zZ100N-m/rad, and K +100 N'm/rad.
The generalizedbase functions (40 longitudinal terms irS$ are used in identifying the
modal participations. Participations are showrFigure 4-24 with critical loads.Errors
aresmall and participations match engineering expectatasmshown irFigure 4-25.
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End1: restrain
DOF 1,2,3,4,5,6

End2: springs
Ko Kixr Koy Keiz at

reference node Y

Figure4-23 Boundary conditions and springs in FEM model

Mode P, (kN) CGem D= L S®m % Error, %

0 50 100 150 200 250 300 350 0O 20 30 40 50 60 1005 25 45 65 85
T T T 1 1

Figure4-24 Modal identification of serarigid case II- partially restrained at the end as a

whole
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Figure 4-25 FEM and approximated mode shapes for selected modes
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End2: springs KK, at
4 corner nodes

End1: restrain
DOF 1,2,3,4,5,6

Figure4-26 Boundary conditions and springs in FEM model

Mode P, (kN) GCmm D L ST % Error, %

0 50 100 150 200 250 300 350 0 10 20 30 40 50 60 70 80 90 1005 25 45 65 85
|

b

Figure4-27 Modal identification of serarigid case II- partially restrained at four corners
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Figure4-28 FEM and approximated mode shapes for selected modes
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End1:springs atef.node
K, =2.5 N/mmK,=5 N/mm
Kiax Kays Kgz,all LOON-m/rad,

End2: springs aEf.noe \
Varping free

K, =10 N/mmK,=10 N/mm
Kax Kays Kgz, all LOON-m/rad,
Warping fixed

Figure4-29 Boundary conditions and springs information in FEM model

Mode P, (kN) Cmm D L STm % Error, %
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Figure4-30 Modal identification of serarigid case |l
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FEM Appro. FEM Appro. FEM Appro.
1% mode 4" mode 8" mode
Figure4-31 FEM and approximated mode shapes for selected modes

4.5.2 Mixed endboundary conditions

Thin-walled cross sections may bestrained differentlyon each flat plate at the
ends, thus resuttg in so-called mixed boundary conditions. The discontinuity of the
boundary conditions at the junctions generates different stress distributions, which in
return change the buckling behavad the member.FSMis notreadilyable to correcyl
capture the buckling behavias explained irBection2.7. On the other hah for such
boundary condition§EM is effective of course if FEM is employed rdal identification
is still needed for design (at least for the characteristic modes)

The first thing one should realize when performing the FEM modal identification for
mi xed boundary conditions is that t&e appl
S-S, GF) violate all of the mixed boundary conditions in bdtie cross section and

longitudinal direction, thus reducing the numerous errors especially at the ends may not
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be possible by usi n(pssociated¥Hencd, haganerdizedbazses e
functions are the only choice for modal identification of such boundary conditions.

As illustrated inFigure 4-32, this type of mixed boundary conditions usually has
certain nodes at the ends laterallyastrained. Now, consider th@xed boundary cases
in Figure4-32 for a column (L=1200 mm) withhe same cross section as bef@tigure

4-1, Section 4.4)Uniform comprssion loading is applied at both ends.

(c) Flanges and lips:-S
S at one end; Web:
(a) Web: SS; warping (b) Flanges and lips:-S S-S at other end;
free S; warping free Warping free

Figure4-32 Mixed boundary caess

Participations and errors along with the critical loads are providé&igure 4-33 -
Figure 4-35. Buckling mode shapes are shownFigure 4-29 for selected modes he
identification errors for all the buckling modes are negligible. Moreover, the participation
percentagagrees well witthoseengineering observation. For examghee 1% mode of
case b shows localized local bliog at the endvith some distortional buckling featwe
near the end as well. This correctly captured by the modal identificati@s shown in
Figure4-34. Thus, to sum uphegeneralizedoase functionareeven able topredict the

buckling mode witmegligibleidentification errorgor mixed boundary conditions
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Figure4-33 Modal identifcation of mixed boundary case a

Mode P, (kN) Cem D= L S®m % Error, %

0 100 200 300 400 500 0 10 20 30 40 50 60 70 80 90 1005 25 45 65 85

#2 [
#3 [
#4 : I

Figure4-34 Modal identification of mixed boundary case
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Mode P, (kN) GCmm D L ST % Error, %
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(a) Case a (b) Caseb (c) Casec

Figure4-36 FEM mode shapes for selected modes
4.6  Numerical studies: partially restrained members
In apurlin-beam system a column with sheathing, the contribution b&tpurlin or
wall to the member behavior can be simplified by springs, i.e., maimgrotational

spring andwo translational springs. Usually global bucklirgggreatly restrained by the
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spring stiffnesses while distortional buckling is significantiffjuenced by the springs as
well. The proposed modal identification method can handle these kinds of Iypartial
restrained systems. Here a simplypported beam is modeled with rotational and
translational springs along the center of the upper flange amshdwgure 4-37 along

with the boundary conditiog and loading. The length of the beam is 2006 under
majoraxis bending and springs are distributed every 200 mm along the length. As shown
in Figure4-37, there are three springs at each constrained oodegtational spring (i§

andtwo translational springs (KKy).

/ Discrete springs along the length

restrainX Z, restrainX Z,
warping free r\ warping free

Y?Z

Figure4-37 Partially restrained simply supportecaie

middlewarpingfixed

Sheathingor walls interpreted as spring stiffnesdiave been stued in terms of
their influence o n t he member 6s b utlekliteratarg [576% havi or
Experimental tests determining the spring stiffness of the walls were conductéeiray
etal [60]. In this sectionthe elastic buckling behavigs studied again in terms of the
modal identification for different springases. Of course, the first goal is to demonstrate
that the proposed modal identification method can handle the yartisirained member;
then interesting mode transitions by changing the stiffness of the restraints (springs) can
be observed from the gecipations. Three cases are considered: 1) Case 1: no springs, in
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