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CANTILEVERED COLUMN:

HANCOCK TOWER
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ed in 1966 by the archi-
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and contains offices, &p

Ceoretry and Msterisls

The unususl structural design of this skyscraper is of
special interest becsuse it is a hollow tube with = cé:tral
core, i.e., the supporting structures are the outside walls ana
an inner core. This it shown in the plan at the top of ik
Page where the I shepes represent steel ceclurns. These sera-
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and none of the horizontal 1oad.3 In reality the core will re-
sist some shear, but no bending from the wind. The outside walls
that make the tube act as a cantilever and are assumed to resist
211 the horizontal wind forces, as well as take the remaining
half of the vertical load. The reactions of the tube against
the horizontal forces must be jdealized for simple analysis:
the horizontal forces are carried in the two walls parallel to
+he wind and the bending moment is carried by the two walls per-
pendicular to the wind.A

The compound structure can be explained using the formula
introduced in the earlier analyses:

e
g ok
Ng 3

if the wind force is not a major factor in the design, i.e.,

it acts as a column. The subsequent analysis will find that

for an individual column on the leeward side of the outer tube

N, = 14,300 kips and Nw = 5570 kips. Using these values in the
equation given, a ratio of 1.39 is found:
14,300k + 5570k 4
14, 300k = B33 2 5

This means that the wind force is a factor in the design of the
tube. The inner core, however, does not carry any horizontal
loads and, therefore, it will have & ratio of 1.0, which means

that it can be designed as a pure column. This building exemp-

1ifies a combination of the two types of structures intrcduced




already, thus it is classified as & cantilevered column.

By using a tubular structure, the building's structural
engineer has taken advantage of three characteristics of that
form that make 1t superior to earlier skyscrapers.5 First,
by concentrating the structural elements on the outside and the
inside, the interior is left column-free, making more flexible
floor plans possible. Second, flexible floor plans use lighter,
removable, non-load-bearing partitions which decrease the dead
weight of the building. Third, the use of diagonals to tie the
columns in the exterior walls creates a stiff wall with a minimum
of structural material (and dead weight), leaving more room
for windows. The diagonal braces are an important part of the
structure because they make the columns act together as a tube.
These braces also serve to distribute and transfer loads from

one column to another, and to keep the loads on the columns es-

sentially uniform. §
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These braces connect the columns sO effectively that they act

together as & tube, rather than as individual columns around
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the extericr.

The columns are steel, and the floors, supported by steel
beams, are concrete slabs six inches thick. Over the 100 stories
of its height, there are 1,000,000 square feet each of office
and of apartment space and 800,000 square feet of commercial and
parking space, for a total of 2,800,000 square feet. The tower is
tapered with base dimensions of 265 feet and 165 feet, and top
dimensions of 160 feet and 100 feet.’ Over the 1100 feet of its
height this creates a maximum slope of 2.6° which will be ne-
glected in this analysis. Consequently, a simplification is made

about the area of space on each floor: because of the taper there

is less area on the top floors than on the bottom floors, but
this analysis assumes that there is 28,000 sqgaure feet per floor:
2
2,800,000 ft ft2
100 floors floor

The next page shows a dimensioned diagram of two different sides

= 28,000

of the tower.

Loads

Three types of loads act on the Hancock Tower - dead, live,
and wind loads. The dead and live loads act vertically and the
wind load is idealized as acting horizontally. The dead and live
loads are given in values of pounds per square foot and the total
load is calculated from these velues with the area of floor space
in the tewer, A = 2,300,000 ftz. The dead load is given in its
components:

structural steel ., . . . . 30 psf

concrete floors: 6in € 150pef - . ' 75 pstT

partition, exterior walls and
permanent ecuipment ¢ . .. B0 paE

total dead load . ; ‘ ; i 165 paf = 0,165 kaf
Over an area of 2,800,000 ft2, the Sotel dead load: is
Q. = 2,800,000 ££2(0.165ksf)
5 462,000k.
The live load which includes pecple and furnishings i1s given as

a standard value by building codes. This analysis uses a con-
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The horizontal wind load is calculated over one of the
larger sides, where the base dimension is 265 feet and the top
dimension is 160 feet. The wind force increases with height and
the building tapers, so the wind force is idealized as uniform
all along the building's height. (This was done in the two
previous analyses also.) An average width of the tower is

160ft + 265ft

> = 203580t
160 FT
LA
\></ 212.5 F1
1N
N[
/>§\
7
S FT

The wind force is taken as 50 psf over a width of 212.5 feet,
which gives a uniform load up the height of the tower of
p = 212,5¢t(50psf) = 106251bs/£%
10.6k/ft.
Over the height of £ = 1100 feet a total horizontal load is
P = pl = 10.6k/ft(1100ft)
11, 690k.

This wind load acts at the midpoint of the tower, 550 feet, as

1}

1

shown in the diagram at the top of the next page.

Reactions
Because two different types of structure are inccrporeted
in the Bancock Tower, the reactions are not quite as simple &s
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those of past anélyses. The discussion of the geometry men-
tioned that the central core of structural steel columns takes
about fifty percent of the vertical load. This overall vertical
reaction, at the base of the core 1is

¥y - O'5O(Qtot) = 343,000k.
The remaining 343,000 kips is supported by the outside tube
of colulinss

V2 = 343,000k,
The diagonals eguelly divide the force among the twenty-four columns
of the tube, so each column takes 1/24th of this load and has
its own reaction:

VB = 343,000k/24 columns

1 = 14,300k/column.
: The reactions V, and VB are shown on a diagram of the tower on

the top of the next page.

Although both parts of the structure react to the vertical
loads, only the tube reacts to the horizontal load. - Therefore,
it must develop both horizontal reactions and bending moment
reactions. Toresist the horizontal wind load, P = 11,690 kips,
the tube must develop and overall horizontal reaction of

H, = P = 11,690k, '
The horizontal reactions are ijdealized as developing in the two
walls parallel to the direction of the wind. The diagcnal traces

help to transfer the force on the windward side to the two sides

b
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parallel to the wind. Each will develop a reaction:

H2 = H1/2 = 5845k.
On each side there are seven columns among which the horizontal
reaction is divided: %
Hy = H,/7 columns = 835k.
s
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H,= 1l.e90¢k. H; = 5845 /5108 Hs =835 K/coLumn

The horizontal load also creates a bending moment reaction,
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The overall bending moment reaction can be found from P =
11,690 kips and L/2 = 550 feet:

M = PI/2 = 6,430,000 ftk.
An idealization assumes that this moment reaction is resisted
by the seven columns of each the windward side and the leeward
side. The two walls act as a couple to resist the moment applied
by the wind.

.

The total individual column reactions cannot be found yet, be-

cause the reaction force to bending has not been found. This

will be found as an internal force since the reactions are

equal to the internal forces at the base of the structure. Once
this force is found at the base of the column, it can be added
to the reaction from the dead load to find the total reaction

\1

at the base of each column. °

Internal Forces
First, the forces from the vertical load are_investigated

at the base of the tube. The overall internal axial force 1is
the same as the overall vertical reaction,_V2 = 343,000 kips.
Similarly, the individual internal axial forces in the columns

are equal +o the vertical reactions found for each column:
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V3 = 14, 300k.

Halfway up the tube one can find the axial forces from the vertical:

load, both overall and in the individual columns. The dead load
is 0.165 ksf and the live load is 0.080 ksf, so the total load
is q,,, = 0.245 ksf. The area of one floor, A = 28,000 £1*. 15
used to find the load contributed by each floor:

Qfloor ; qtot(Afloor) » LE60k.

At the midpoint of the tower, fifty floors are exerting this

vertical force, therefore, the internal vertical force at the

midpoint is :
UA = Qfloor(5o floors) = 343,000k.

The actual value is less because this analysis has neglected the
taper of the building. Again the core takes fifty percent of
this load: “

Vs = VL/Z = 1S 00ks
and the exterior tube takes the other halfs
Vg = 171,500k. .

This creates a vertical force in each exterior column at the

midpoint of: ’

V7 = V6/24 columns = 7150k/column.
7| [N
N
J \/7 = 7\s0 “‘/mmu
- 'mh k.
MIDPOINT M

» <= =D

Vbrlﬁsao‘ﬂmwuu
R

~
1; \, = 243,000 «.

The internal horizontal forces at the base are zlso equal
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to the reactions found earlier. The overall internal force at
the base is equal to the overall horizontal reaction, and the

internal forces in each of the column bases are equal to the re-

action at the base of bach of these columns. In the columns
these internal forces are shear forces:

Soverall 7 H1 = 11,690k,

Swall = H2 =5845k,

SColumn = H3 = 835k.

Earlier analyses have shown the shear diagram resulting
from a uniform wind load. The maximum shear force value is at
the base, and it decreases linearly to the top where there is
no shear force. The shear force at the midpoint is found before
the shear diagram is presented. Only half the wind force is
acting at the midpoint:

P » pt/2 = 10.6k/£t(550G£t)
= 5830k.

The overall shear force developed equal the wind load, 5830 kipé,
and the individual shear forces in each of the fourteen columns

resisting the horizontal load are &s shown:
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Her 5830k H:-: 2915 &/sioe : He = 420 ¥/ corumn
The overall .force is used in the first shear diagram which is
for the whole building. The three known values are called out
on the diagram: those at the base, the midpoint, and the top.
A shear diagram for each column can also be drawn using the:
corresponding values of shear force found in them. Both of

these diagrams are found at the top of the next page.
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To find the internal forces created by the bending forces
of the wind, one uses the overall moment reaction already found:
M = 6,430,000 ftkips. This reaction is created by the windward

and leeward walls acting as a couple.

‘waells dis about
To= 0

165 feet, the value of d in the formula
= +M/d.

Substituting in the values of M and d, one find the tension and

compression forces acting of the entire wall. These values
must be divided by seven, the number of columns in each wall, to

find the values of the tension and compression forces in each

of the columns.

T1 =

T1 =

In each of the

T2 =

7
5P

C, = +M/d = 6,430,000/165 = 39,000k,

+39,000k 3 C.I = -39,000k. %

seven ‘columns resisting the moment on both sides,

Gy * +39,000k/7 columns = #5570k,

+5570k 3 C2 = -5570k ‘= NW

These values are combined with the compressive axial forces from
the dead load to find the total axial force at the base of the

columns.

A more accurate calculation of N must include the

columns parallel to the wind and gives N = 4800 kips.8

Using the

for

T
W

more approximate (and more conservative values

we find that the individual column forces are:

80
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=

L,300k + 5570k of axial compression.

On the windward side

¥4,300k s 5570k = 8730k,
On the leeward side
14.300k + 5570k = 19,870k,

On the sides parallel to the wind, the force in éach column re-
mains as 14,300 kips. These forces are shown on the following
diagram. (In this diagram the forces on the sides parallel to
the wind have been shown to vary linearly between the minimum

and the maximum forces on the long sides. This represents the

actual situation.)

174 [N

S\DE 1____1___#‘T~L*_1____j__

LEEWARD &\PE
19.l00 K.

_I \\ ;I \
To find similar axial force values at the midpoint, the
This calculation uses the

bending moment there must be found.
wind load ac*ting at the top quarterpoint of the tower:

Moo= 5830Kk(275f%) = 1,603,250 fik.

M
m

1 1
%
P,, = 5830K &
= K Tl G
‘5/4_- 279 1
. Dy [ MIDPOINT
g o)

Before the values of tension and compression at this point are
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found this bending moment can be used to help draw the overall
bending moment diagram for the tower. The bending moment at
the middle is one-fourth that at the base. This fits the formula
for a parabola; the bending moment diagram is parabolic, just
as inearlier-analysés. This shape, standard for any uniformly
loaded cantilever, has the formula

M = p(ﬂ-x)2/2.

S
oo 1

HEIGHT (F7)

550

BENDING
e MoMENT (FT-K)
— —
|,603250 6,420,000

N s B e e

To find the tension apd compression forces developed by the
bending force at the midpoint, the width, dm’ must be found.
This is the average of the width at the base, 165 feet, and the
width at the top, 100 feet:

165ft + 100ft
gLt > = 332000,
Substituting the midpoint values of Mm and dm into the equation

for T and C one find

Ty ® by » 3M/d « 1,603,250/132.5 = +12,100k,

T. = 412,100k 3 Cy = -12,100k.

At each column this results in a force of

T4 = +12,100k/7 columns +1730k/colmun and

Gy

at the midpoint. These values are combined with the axial

n

-12,1700k/7 columns -1730k/column

force in each column from the dead load. This results in the
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following individual column axial forces at the midpoint:
windward side: 5,20k/column
]eeward side: 8880k/column

sides parallel to the wind: 7150k/column.

gtress and Efficiency
The only type of stress investigated here 1is the axial stress

found from the total axial forces; these forces are a combinatiocn
of the axial forces caused by the vertical loads and the hori-
zontal loads. The axial stress is usually found from the formula

£ siap T ML

Rather than just repeat the calculation to find the stress,
an illustration of the design procedure used by a structural
engineer is given here. Once he has determined the general
shape of the building and the Fesulting forces, the engineer
uses allowable stresses to find the dimensions of his elements
from the formula

fallowable % h/A:

Usually e designer aims for an efficiency of 1.0, and, therefore,
makes his actual siress equal to the allowable stress.

factual e fallowable = N/A

In this example, prior calculations have found the axial forces,
but the area of the columns are unknown. "To find area, an allow=-
able stress in stesl of 20 ksi 18 used as the actual stress.

The area is found from

:_T
factual N/A

rearranged to _ | : :
i . E g : T
. s 1\'/factual N/fa110wable.
Substituting in the naximum value of N that a column in the
building sould experience at the base, and the value of failow,
an area for the column is :
\ - 19, 870%/20ks1 = 994sn°.
The columes must therefore have an area of almost 1000 square
inches to withstand the maximum loads the building could ex-

perience without any danger Or drastic deformations. By using
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the allowable stress as a design value, the safety has been
insured - safety factors are essentially built into the allowable
streses values.

This design procedure is repeated for the midpoint of the
outer columns to serve as a further jllustration of this important
method. This also illustrates how the area of the columns de-
creases as the loads decrease higher in the buildings. The maxi-
pum axial force found at the midpoint is 8880 kips. Using the
same formula, the area is

A = 8880k/20ksi = LAAinz.
This area is less than half that necessary at the base because
the bending force drops off quickly near the base. This can be
seen in the moment diagram shown earlier.

The analysis has shown the basic actions of the combined
cantilevered column form. The structures of these first three
analyses are very similar and only small differences separate
them. The same basic methods of analysis are used in each, with
the difference coming from the proportions of gravity and wind
forces found from the formula

' B, + B,

G e
Ng i iy (for a column).

For the calculations that assume all the wind force is resisted

by the two rows of seven columns on the wide sides

Mo * % 34,3004 3570 . 4,99 »4/3
Ng 14,300
For the more accurate NV = 4800 kips (reference 8) then the

ratio is found as precisely Tuds

5 o+

Individually, the Hancock Tower 1s important because of its
innovative tutular structure with diagonal braces connecting

all the columns so they act as a unit - & tube - rather than as
2 frame. A framed structure does not have the freedom in plan
that the tube offers. The tube, made rigid by the diagonals,
creates a light stiff structure thet is an especially efficien
way to resist the forces on the structure and conviently enrclese

the building spaces.

A




Surmary of Forrulas

Geometry:

4
N < ?; for a columnar structure.
‘G

{ . .
average tower width = base width + top width

2
Tleads:
dead and live load

Qqor Q = area(qy or ql)

ot = 8 * % 18y " 83 " &
Qi‘loor 5 qtot(Afloor)
p = building width(pressure of wind)
2= bl
P pL/2
Reactiocns:
V= 50(0 )
L..| Og/b(qtot;
i

=V umn s
VB = 12/2i columns

By = P
H = H 5
H, .1/4
EB = H2/7 columns.
M= PL/2
Internal Forces:
R um
'_Md *floor(n mber of floors)
\fs = u‘A/2
I G N
\'6 J5
V, = Vé/ 24 columns
c = F
cverell 1
= i
el LE
Ssolunn 3
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H& = Pm

H5 * Pm/z

By * H5/7 columns
Mm = PlL/4

T = C = #M/d

M = p(i-x)2/2

total axial forces found by superposition (addition)

Stress and Efficiency:

faxial = N/A
factual % fallowable = N/A
.2 I\'/fa:-u':tual = ICffallc::wable
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Using the velues of the dead, live, and wind loads given,
caleulete the internzl axial forces in the windward and
leeward columns et the lower quarterpoint, i.e.,at a height
of 275 feet. Use the method and formulas fror the analysis.




The principle structural engineer of the designing firr,
Fazlur Khen, heas written three different erticles speci-
fically about the Hancock Tower: '

g "Computer Design of 100-Story John Hancock Center",
American Society of Civil Engineers, Proceedings,
Journal of the Structural Division, volume 92, Decer-
ber 1966.

b "John Hancock Center", Civil Engineering, volume 37,
numpber 10, October 1967.

¢ "100-Story John Hancock Center in Chicago - A Case
Study of the Design Process", International Associa-
tion ot Bridge and Structural Erngineering Journel,
7-16/82, August 1982.

2 Further discussions of the building's scientific, social,
and symbolic meanings can be found in: Billington, David
P., Structures and the Urban Environrent: Lecture Notes angd

S+ructural Studies, Princeton, New Jersey: Princetcn Uni-
versity Department of Civil Engineering.

3 Itid.

A A discussion of the selection of the Tower's gecmetry can
be found in Khan's article "100-Story John Hancock Center
in Chicago - A Case Study of the Design Process." In this

article he explains the rationale behind one tower (versus
two), the tube structure, the diegonal braces, and the trun-
cated pyranid shape.

5 Eillington, David P., Structures and the Urban Environmert:
Lecture Notes.

6 Drawings from Billington, David P., Structures and the Urber
Environcent: Structural Studies.

7 In his erticle "100-Story John Hancock Center in Ckicago -
A Case Study of the Decign Process", Khan explaings the
teper as creating proper floor ereas for offices (lower ard
lerger) eand apartoents (upper and smaller).

8 The moment is now resisted by two .rows of: 7 colurns sepa-
rated by the distance d, 2 cblumns separated by 2d/3, and
> columns separated Dy d/3. Therefore, o
M= 9Cd 2 20.26/3 + 2Ccd/3.
We assume that the forces 1n each column are linearly Ppro-
portional to its distance from the centroidal axis, which
means that Cy = 2C/3 and C, = C/3 so that

- measl BCAa/9 4 208/9 = 73Cd/9 and
C = K11 = 39,000ft-k/(8.11 £+) = 4800 kips.
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